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0. Introduction

This paper is concerned with a specific question in harmonic analysis on reductive groups over a local
field. Central to it is the notion of an endoscopic group ([Sh; L], and for a perhaps definitive treatment [K-S]).
This notion is still exotic and difficult to grasp, partly because its origins lie beyond the periphery of harmonic
analysis, in the L-group (which first arose in the theory of Eisenstein series) and in the study of Shimura varieties,
and partly because it still has not achieved in sufficient generality its original purpose, the analysis of the internal

structure of L-packets of irreducible representations.

Roughly speaking, L-packets occur in the classification of the irreducible representations of the group
G(F) of F-valued points on a reductive group over the local field F' because there are two types of conjugacy
within G(F), that realized by elements of G(F) and that realized by elements of G(F'). Only the first appears
when the harmonic analysis is treated from a strictly analytic viewpoint, but the second intervenes when the
harmonic analysis is applied to problems in number theory, especially to the study of L-functions, and leads to
a coarser classification of irreducible representations than equivalence. The coarse classes are called L-packets,

and they are to be analyzed individually with the help of endoscopic groups.

An endoscopic group H is not a subgroup of GG, but we can associate to a conjugacy class in H (F") several
conjugacy classes in G(F'), and the harmonic analysis on G(F) is related to that on H (F") by means of the transfer
of orbital integrals. This refers to pairs of functions, one f on G(F) and one ¥ on H(F) whose orbital integrals

on associated conjugacy classes are related by transfer factors [see (1.4)].

The definition of transfer factors that not only allow one to attach to each f at least one f¥ but also behave
well with respect to functoriality has not been easy, and if it were not that they had been proved to exist over the
real field [Sh], it would have been difficult to maintain confidence in the possibility of transfer or in the usefulness

of endoscopy.

The contribution of this paper is not to prove the existence of the transfer, that is to attach to f at least one
fH but simply to define the transfer factor, disentangling the conditions imposed or suggested by the harmonic
analysis, by Galois cohomology, by the trace formula, and by the constructions over R to arrive at an explicit
definition that clearly must be the transfer factor if it exists at all and that even over the real field is an improvement

over the construction of [Sh] which was not sufficiently explicit. We flatter ourselves that this definition is an



SLOn the definition of transfer factors 3

advance and that it is not merely our lack of skill that has made it so hard to come by, but the difficulty of the

subject.

In Sect. 1 we are more explicit about the transfer of orbital integrals and transfer factors, recalling in
particular the first example that was studied, the group SL(2). Their definition appears in Sect. 3, where it will
be seen that the transfer factor is the product of five terms, two, A and Ajy, serving to meet basic requirements
of harmonic analysis. A third A; incorporates the basic idea of endoscopy and transfer, weighted sums of orbital
integrals, often referred to as x-orbital integrals. The two others, A, and A,, are cohomological in nature and are
there to compensate the arbitrary elements that had to be used in the definition of A;;. It should be observed

that A; does not appear in [Sh] where it had to be replaced by an existence argument.

The definitions of A; and A are quite elaborate, involving a number of general arguments and construc-
tions that we have preferred to place in a separate Sect. 2 which also prepares for the product formula of Sect.

6.

Although we do not discuss the existence of the transfer, thus of f for a given f, the result of Sect. 5 is
evidence that it will be available, and is in addition the source of the factors A; and A;;. The limit formula of
(5.5) shows that the dominant term near the identity of the combination of orbital integrals of f appearing in the
transfer can be made equal to the dominant term of the stable orbital integral of an f. This is clearly a necessary
condition for the existence of £, and is what guarantees that the choice of the correction factor A; is correct.

The factor A, does not affect the asymptotic behavior, and is dictated by experience with the real field.

The properties of the transfer factor that in addition to (5.5) in all probability characterize it are the Local
Hypothesis, which relates the transfer factor on an arbitrary group to that on a quasi-splitinner twisting, the Global
Hypothesis, which is a product formula, and the transfer factor over archimedean fields, already introduced in
[Sh]. We prove the first two here, in Sects. 4 and 6, reserving the proof that the transfer factor of this paper

coincides over R with that of [Sh] for a later paper.

It is a pleasure to dedicate this paper to Friedrich Hirzebruch, for one of us first realized the significance
of L-packets during a long stay in Bonn many years ago under the auspices of the SFB, when he was able to
study Shimura’s papers on automorphic forms. At the same time the other was beginning the study of character

identities for real groups, and L-packets and character identities together led to endoscopy.

l. Preliminaries
(1.1) An Ezample

Suppose that F' is a local field of characteristic zero and GG is S Ly. Take H to be a one-dimensional torus split over

the quadratic extension F of F' and anisotropic over F. Then H is an endoscopic group for G. To vy € H(E)
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we attach the conjugacy class in G(E) consisting of semisimple elements with eigenvalues ﬁf. Assume that
~vu £ £1liesin H(F'). Then the associated class meets S Lo (F') in a stable conjugacy class of regular semisimple

elements. Call vy an tmage of any ~ in this stable class.

For f € C°(G(F)) form the integral ®(v, f) of f along the conjugacy class of regular semisiimple ~ in
G(F) with respect to the G-invariant measure prescribed by a choice of invariant forms of highest degree over F

on G and H. Then transfer between G and H requires a function A, a transfer factor, such that

~

extends smoothly to vy = +1. Here Y indicates summation over representatives for the regular semisimple
v
conjugacy classes in G(F); A(ym,~y) is to be zero unless vy is an image of v, so that the sum contains at most

two non-zero terms.

We modify slightly the prescription for A in [L-L]. For reasons of functoriality A will depend not on H
alone butonaset (H, H, s, ¢) of endoscopic data: H = Hx W isthe L-group of H, s lies in the conjugacy class of
G= PGL(2,C) determined by the elements of GL2(C) with eigenvalues + z, 2 € C, and £ is an embedding of
Hin G x W = LG that carries H into Cent (s, @). Here we may take for W the Weil group of E/F. Equivalent,

or @-conjugate, data will yield the same factor A.

We first define a factor Ay which depends in addition on the choice of an F-splitting of G. The quotients
Ao(ve,v)/Ao(Fg,7) will, however, be canonical. To prescribe A we fix some (7 ,7) with 7 an image of 7,

specify A(7,,7) arbitrarily, and then set

1) A7) = AT T 5ot

if vz is an image of v. Thus A is canonical, up to the constant A (7, 7).

The factor A will be a product of several terms. Only the first depends on the choice of F-splitting. Here

we will describe it for the standard splitting (B, T, X) : B is the upper triangular subgroup, T the diagonal
0 1
0 0
choice of splitting we refer to (3.2).

subgroup and X = [ } . For the general case and for the fact that the relative factor is independent of the

Other choices are needed to define the terms in Ay: an admissible embedding of H in G, and a-data
and x-data for the image of H under that embedding. LetT' = Gal(E/F'). An embedding of the torus H in
G is admissible if it is dual to a composition H — T — T, where T is some maximal torus in G containing
s, T — T is the isomorphism attached to (B,7) and some pair (B,T') chosen so that T is defined over F' and
H—Tisa I'-isomorphism. See (1.2) and (1.3). The a-data for T" consist of elements a,,a_, of E* such that

Uo = —Qq = G_q, Where £« are the roots of 7" and the bar denotes conjugation in E.
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The x-data are characters x., x—o 0n E* which extend the quadratic character on F'* attached to F and
satisfy x_o = x5!

Here then are the terms in Ag.
(I) <)‘(T)7 ST>7
where \(T) is the class in H(T) = H'(I', T(E)) of the cocycle

0 Qg _
oc—h {—al 0 } o(h™h)

[e%

for o nontrivial in T'. The element h is given by h~'Th = T and h~'Bh = B, with B some Borel subgroup
containing 7. Then « is the root of 7" in B. The element st is the unique nontrivial I'-invariant element in f; it

is also the image of s under 7 — T. Finally, the pairing is the Tate-Nakayama pairing.

(1) X <M> ,

Qo

where ~7 is the image of v under H — T', and « is either root of 7" in G.

(I11y) (inv(ve,7),s7) ",

where inv (g, ) is the class in H(T') of the cocycle o — go(g)~! and g is given by g~ 1yg = 7.

(IIL,) (a,77),

where a is an element of H1 (W, f) which, roughly speaking, measures the difference between the @-conjugacy
class of the embedding ¢ : “H — G and the class of embeddings canonically attached to the y-data for T [see

(2.6)]. The pairing is the usual one between H* (W, f) and T'(F) [B, Sect. 9].
(Iv) (a(rr) = D(alyr) ™ = %

The image T of H in G may be replaced only by g~ !Tg, where g € A(T) = {g € G(E) : go(g~ ') € T}. If
(T, {an}, {xa}) is replaced by a triple conjugate under 2(7") in the obvious sense then we see that only the terms
() and (l11,) are affected, but then clearly the effects cancel. Thus it remains to consider T fixed and the a-data,
x-data changed. Only (1) and (ll) involve a-data. If a,, is replaced by a!, = a,b, Where b, € F* then A(T) is
multiplied by the class b of the cocycle o — b . Note that b2 lies in EX @ X, (T) = T(E). To show that the

product of the terms (1) and (11) is unaffected by replacing a,, with a/, we have only to check that

<b7 ST> = Xa (ba)~



SLOn the definition of transfer factors 6

This is clear since b is trivial if and only if b lies in NmFE*.

On the other hand, only the terms (lI) and (Ill5) depend on y-data. Suppose that y, is replaced by
X, = XaCa. Then ¢, must be trivial on F*. We use the fact that the norm map § — 66 from T'(E) to T'(F) is

surjective to write yz as d767. Then a(yr) = a(ér)/a(é7) and
C(x (04(51(;1_ 1) = C(x (—a(éT)a_aa(éT)> . Ca(a(éT))

or (o (a(d7)) since a; t(a(d7) — a(d7)) lies in F*. Thus we have to show that when ., is replaced by x,(, the

class a appearing in the term (l1l3) is multiplied by a class a((,) such that

(@(Ca)syr) = Cala(or)) .

We will see later (3.5) that in fact a is multiplied by the class of a cocycle which is given on E* by x — (. (x) ™%
That the class pairs with ~7 in the desired way is the Base Change Identity in this simple case, which follows

from the remarks in [B, Sect. 9].

Lemma [L-L]. For f € C°(G(F)) the function
B!

extends smoothly to H(F).

(1.2) Notation

Throughout F will be a local or a global field of characteristic zero; F will be an algebraic closure of F, and T’
and Wy the Galois group and Weil group of F'/F. Let G be a connected reductive group over F. Then G* will

denote a quasi-split inner form of G and G the L-group of G. More precisely, we fix:
(i) (G*, ) with G* quasi-split over F and ¢ : G — G* an inner twist, and
(i) (é, 0,1c) with G connected, reductive and defined over C, o an L-action of ' on (A?, andng : ¥(G)Y —
U(G) a D-bijection.
Here U (—) denotes canonical based root data (see [Kz]).

We have then for each pair (B, T) in G and (B, 7) in G a canonical isomorphism 7' — 7, where by a pair

we mean a Borel subgroup and a maximal torus contained in it.

As L-group data, that is, the data of (ii), for G* we take (@, 0, Mg+ ) Where ng~ is given by

TG L u(G) 1% u(6).
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Finally, “G will be the semidirect product G Wg with Wg actingby Wp — T 25 AutG.

We shall specify endoscopic data in a way useful for extension to the twisted case [K-S]. First note that if
1-G—G— Wr — lisasplitextension then G is not necessarily an L-group. Nevertheless we attach to G an
L-action pg on G asfollows. Letspl = (B,7,{X,})beasplitting of G. Weshall require that spl is preserved by the
eappearing in (ii), thatis, itisa I'-splitting (or F-splitting). If ¢ : Wr — G splits the extension then for w € W we
multiply
Int ¢(w) acting on G by an element of Int G to obtain oc(w) preserving spl. Then g¢ is an L-action which
is independent of the choice for c. Clearly if o coincides with o for some choice of spl then it coincides for all

choices.

Let (H,H, s, &) be endoscopic data for G. By this we will mean:

(i) H is a quasi-split group over F.

Its L-group data will be denoted (H, o5,z ), and LH = H x Wp.

(ii) H is a split extension of Wr by H and 01 coincides with o .

(iii) s is a semisimple element of G.

(iv) € : H — ©G is an L-homomorphism, that is, a homomorphism of extensions of Wr, such that

@Intsol=a®E,
where a is a locally trivial 1-cocycle of Wg in the center Z(CA?) of G if F' is global, or a trivial 1-cocycle of
Wr in Z(@) if F is local, and

(b) §|I§' s an isomorphism ofﬁ with the connected component of the centralizer of s in G.

Here a ® {(h) = a(w(h))€(h), h € H, with w(h) denoting the image of h under H — Wg.
Data (H',H',s',&’) are equivalent to (H,H, s,&) if there exist an F-isomorphism o« : H — H', an
L-isomorphism B : H' — H and an element g of@ such that:
() W(H) - U(H') and O(H') 25 O(H) are dual,
(i) Intgo&opB=¢ and:
(i) gsg~! lies in Z(@)Z(f')os’, where Z(&') is the centralizer in G of the image of H' under &'.

Up to equivalence and the choice of &, which amounts to the choice of an embedding of ZH in G in the
case H is an L-group, these are the endoscopic data of [L2, p. 20]. Note that in the definitions of [L2] the group
‘H generated by © H? and the elements n(w),w € W, is a split extension of Wr by LHO (see L1, Lemma 4]).

If H is an L-group then we may assume that H = “H. This will be our assumption until (4.4) as it greatly
simplifies notation. The minor modification needed for the general case, a passage to certain central extensions

of H, will be dealt with in that section.
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(1.3) Point Correspondences

The isomorphism fg — T attached to pairs (B, T¢) in Gand (Bg, 7¢) in G transports the coroots of Tz in G to
the roots of 7¢ in G, the Bg-simple coroots to the B-simple roots and the Weyl group of T, with contragredient
action, to the Weyl group of 7. If (B, 7y) is a pair in H then there is an z in G such that Intz o & maps 7y
to 7¢ and By into Bg. Finally, if (By,Tx) is a pair in H then we have an isomorphism fH — ’fg defined by
the composition fH — Ty — Tg — fg and thus also an isomorphism Ty — T¢. These isomorphisms
transport the coroots of T in H into a subsystem of the coroots of T in GG, the Weyl group Qg of Ty into a

subgroup of the Weyl group Q¢ of T, and the roots of Ty into a subset of the roots of Tz. The map
T /g — Ta/Qa

of orbits of Q2 in Ty onto orbits of Q¢ in T is independent of all choices. Since these orbits classify the
conjugacy classes of semisimple elements in H(F) and G(F), and the choice of tori is of no consequence, we
have a canonical map

A : Clo(H(F)) — Cl(G(F)).

We call semisimple g € H(F') G-regular if the image of its conjugacy class under Ay consists of regular
semisimple elements, and strongly G-regular if the image consists of strongly regular elements, that is, elements

whose centralizer is a torus. A strongly G-regular element is strongly regular.
The group ' = Gal(F/F) acts on conjugacy classes.
Lemma 1.3.A. Ay is a I'-map.
Proof. Ay = Ag+/c - An/a- and Ag- /¢ is the map induced by +. Since ¢ is an inner twist Ag- /¢ is a
T'-bijection. Thus we may assume that G is quasi-split over F'. Then if Ty is defined over F' Steinberg’s Theorem

[K1] allows us to choose (B¢, T) with both T and Ty — T(; defined over F'. The lemma follows.

Suppose that Ty is defined over F. If (Bg+, T+ ) is chosen so that T+, and Ty — T are defined over
F, asinthe proof of the lemma, thenwe call Ty — T+ an admissible embeddingof Ty in G*. Itis uniquely deter-
mined up to A(Te+)-conjugacy, that is, up to composition with
Int g—1, where g lies in

WU(Te) ={g€ G (F):go(gt) € Tg-(F),o0 € T}.

Note that we may take g in G%

sc?

the simply-connected cover of the derived group of G*.
For strongly regular elements in G(F) or H(F) stable conjugacy is the same as conjugacy under G(F') or
H(F), and we may apply Lemma 1.3.A directly to define a correspondence of points. Thus, if vy € H(F) is

strongly G-regular then its stable conjugacy class consists of the F-rational points in its conjugacy class in H(F').
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The image of this class in H (F) under Ap/c is aconjugacy class of strongly regular elements in G(F). The class
is defined over F' and so its F'-rational points are either nonexistent or form a single stable conjugacy class of
strongly regular elements in G(F'). We call strongly G-regular yg € H(F) an image of y¢ € G(F) if ¢ liesin

the image under Ay of the conjugacy class of vz in H(F). The twisted analogue of image is norm [K-S] which

explains why we have labelled vz, and not ¢, as the image.

For arbitrary G-regular semisimple vz in H(F) we set Ty = Cent(yy, H)? and choose an admissible em-
bedding Ty — T~ of Ty in G*. If y¢ is regular semisimple in G(F) and T = Cent (7, G)° then we say that vz
is an image of ore. if there exists T € G* such that
Int = o ¥ maps ~¢ to the image v+ of vy under Ty — T+ and Tg to Ti+. The correspondence (vy,va)
is independent of the choice of admissible embedding Ty — T+ and extends that for the strongly regular

elements. Further we have:

(i) a G-regular semisimple element of H(F') is either the image of no element or the image of exactly one

stable conjugacy class of regular semisimple elements in G(F'), and

(ii) the images of a regular semisimple element in G(F') form a union, possibly empty, of stable conjugacy

classes of G-regular semisimple elements in H(F). If F' is local then the union is finite.

(1.4) Transfer Factors
We assume here that F'is local, leaving remarks on the global case for Sect. 6.

To normalize measures on conjugacy classes we fix invariant forms of highest degree: wg on G, wy on H
and wt on some maximal torus T in G. Then if T' is any maximal torus over F' in either G or H we transport
wr to an invariant form wyp of highest degree on 7', using an inner automorphism of G if T lies in G and an

isomorphism provided by the choice of pairs otherwise. In either case wr depends only on wr.

To an invariant form w of highest degree on GG, H or T we attach a Haar measure as follows. There is
Ao € F such that o(w) = A,w, o € I. Hilbert’s Theorem 90 allows us to write \, as o (1), where pu € F .
Then pw is defined over F and the Haar measure |uw| is well-defined. To obtain a measure independent of the

choice of ;. we replace this by |u|~!|uw| which will be denoted simply as |w|.

It is simplest, and sufficient, to specify transfer factors on strongly regular elements. If f € C*(G(F))

then for the integral of f along the conjugacy class of any regular semisimple element -y in G(F’) we take

|lwa|

®(v, f) = / g™ vg) =,

||
T(F)\G(F)
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where T = Cent(v,G)°. For the integral of f# € C°(H(F)) along the stable conjugacy class of strongly
G-regular vy in H(F) we take

> (g, f1) = BO(v, f),
where the summation is over representatives -y, for the conjugacy classes in the stable conjugacy class of vg. If
~x is not strongly regular this must be modified [see (4.3)].

Suppose A is a function on

strongly G-regular strongly regular

elements in H(F) elements in G(F)

such that
(i) A(vm,~) depends only on the conjugacy class of v in G(F') and the stable conjugacy class of v in H (F),
and
(i) A(ym,7) = 0unless vy is an image of ~.

Then we say that f € C°(G(F)) and f# € C°(H(F)) have A-matching orbital integrals if
& (v, ) =D Ay, 1)@, f)
Bt

for all strongly G-regular elements vy in H(F'). The summation is over representatives ~ for the conjugacy
classes of strongly regular elements in G(F'); only a finite number of terms in the sum are nonzero.

We call A a transfer factor if for each f € C°(G(F)) there exists f# € C°(H(F)) with A-matching
orbital integrals. It is best to demand that A(vyg, ) be nonzero if vy is an image of v, and sometimes preferable
to work with functions in the Schwartz space [Sh].

In Sect. 3 we will define a function A. If G is quasi-split over F' then the procedure is exactly that for SL(2).
In general, however, the term inv(yx, v) appearing in (111;) of (1.1) is no longer well defined as the torus T will
be taken in G* rather than G. Since only quotients really matter we define instead a relative invariant following
[K-S], and obtain a canonical relative factor A(vg,~;75g,7) in place of the quotient Ao (v, v)/Ao(Fg,7) in
(1.1.2).

The next section describes, in a general setting, two constructions needed for Sect. 3.

2. Key Lemmas

(2.1) General Remarks

Suppose that k is a field of characteristic zero with algebraic closure &, and that G is a connected reductive

algebraic group defined and quasi-split over k. Let (B, T,{X,}) be a k-splitting of G and I" be a group acting
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on G by automorphisms which preserve (B, T, {X,}). Then I" acts on the Weyl group 2 = Q(G,T) of T in G.
For = w x g € Q x I' we define n(f) = n(w) x o € G(k) x I', where n(w) € Norm (T(k), G(k)) is given by
the following well-known construction [Spr].

Let o be a simple root of T in B. Then by definition oX, = X,,,0 € I'. Let H, be the coroot for o
regarded as an element of Lie T. Fix the root vector X_, for —a by requiring that [X,, X_,] = H,. Then
0X o =X _p0,0€T. Set

n(a) = exp Xq exp(—X_q) exp Xaq,

so that n(a) is the image of {_01 H under the homomorphism SL(2) — G attached to the Lie triple
{Xo,Ho, X_o}. Letw € £2,w =1, be written in reduced form w(ay)...w(a;). Then we may set n(w) =
n(a1) ...n(a,) since this latter product is independent of the choice of reduced expression for w [Spr]. Ifw =1

set n(w) = 1. Then Intn(w) acts on T as w and

Thus if § = w x pthen n(f) = n(w) x gactson T as # and
n(61)nn(02) = t(61,02)n(6102), 0; € 2x 1T,

where t(6y,65) is a 2-cocycle of £2 x I'in T (k).
Lemma 2.1.A.
o0 = J[ (0.

a>0
07 'a<0
0,107 a>0
Here o > 0 means « is a root of T in B, and o is the coroot for o as element of X, (T). Then (—1)* €
kX @ X.(T) C T(k).
Proof. We will verify in the next lemma that the right side is, like the left, a 2-cocycle. It is therefore enough to
show that the equality is valid when (i) 6, or 62 lies in T and when (ii) 6, and 6, lie in 2 and further 6, = w(«)
where « is simple. Case (i) is clear. For case (ii), let w = w(aq) ...w(«,) be a reduced expression for 6. Then
R, = {B > 0,wB < 0} is the set of positive roots separating the positive Weyl chamber W from w1, and
contains 7 elements. There are two possibilities. Either w™la > 0,w(a)w(aq) . ..w(a,) is a reduced expression

for w(a)w and R, (o) = Rw U{w 'a}, orw™ta < 0and there is a reduced expression for w with w(a;) = w(a).

In the first case both sides of the putative equality are 1; in the second both are (— 1)‘*v . The lemma is thus proved.

Let X be a free finitely generated Z-module and ¥ be a group which acts on X and contains an element ¢

sending A to —\, A € X. Then with trivial action of £*, X acts on £* ® X. Let R be a finite X-stable subset of
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X and p be a gauge on R, by which we mean that p : R — {£1} and p{—X) = —p(\), A\ € R. We abbreviate a

product over those A € R for which

p(A) =1, ple™'N)=-1, pir oA =1

p
Lemma 2.1.B. ty(o,7) = [ (=D}, o,7 €%,

1,0,7

is a 2-cocycle of ¥ with values in k* ® X.

Proof. The coboundary of this 2-cochain is the product over all A with p(\) = 1 of (=1)V*, where N is the

number of ordered triples in
{(e7 N7 o I\ o iy eI, (N 7 eI o i e T,
N aD W St D VRO W D Wl e O
on which p takes alternating signs. Thus if p(o~'771o~')\) = —1 there can be a contribution only from the first
and last triples and then only if p(c='\) = —1,p(7~ 1o~ \) = 1 when both triples contribute, so that N = 2. If
p(o 77 to~1)\) = 1and p(c—1)\) = 1 then either the first and second triples contribute or none does, so that N

is20r 0, butif p(o~'771oc7t)\) = 1 and p(¢~'\) = —1 then the third triple contributes and exactly one of the

second and fourth, so that V is 2. The lemma is proved.
Lemma 2.1.C. If q is also a gauge on R, then t, is cohomologous to t,.

Proof. We may assume that X is transitive on R and that X is free on {\ : p(\) = 1}. Then by Shapiro’s Lemma

we reduce to the case R = {+\} where the assertion is clear.

In the application of (2.3) and (2.6) we will have €2 = 1 and ¥ will be the product of {1, ¢} and a subgroup
I". Then if X acts transitively on R either R consists of exactly two I'-orbits O and —O or I" also acts transitively
on R, in which case R is a I'-orbit O, where O = —(Q. In the former case O is called asymmetric and in the latter
symmetric.
Lemma 2.1.D. Suppose that R = U+ O, where O is asymmetric. Then the restriction of t, is trivial.
Proof. We may assume X is free on O. Then again by Shapiro’s Lemma we reduce to the case R = {+A} where
the assertion is clear.
(2.2) a-Data
First we consider splitting ¢,, in B ® X, given an extension of the action of 3 on % to k with € acting trivially. A

collection {ay : A € R} is aset of a-data for the action of I" in R if:

@) ay € % and agx =o(ar),c €T, AER, and
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(if) a_y = —ax, A € R.
Of course, a-data need not exist. If they do then we can split ¢, on I' in the following way.

P
For a product over those A € R such that p(c='\) = 1 and p(7~)\) = —1 we write []. Set

o, T

1,0
Lemma 2.2.A. tp(o,7) = Oup(o,7), o,7 €.
Proof. Oup(0, ) = up(0)o(up(7))up(o7) ™! H a} H a; 1 ay’.

1,07

Fix A € R with p(A\) = 1. Then the contributlons of the terms with exponents £\ are as follows.

(@) p(e™'N) =1, p(rle N =1:1
(i) plo™'X) = p(r7lo7IN) =~1:a3 -a;* =1
(i) p(oc="A\) = =Lp(r7 o7t A) =1: a3 - j = a)(—ay)" = (=1)*
(V) plo1A) = ~1,p(r 1o 1A) =
Thus u (0, 7) — 1’11"117(—1)A —t)(0,7).

As a corollary of this lemma, or by simply modifying the proof, we have:

Lemma 2.2.B. Suppose that {by : A € R} satisfies by € EX,
bg)\:O'(b)\), O’GF, and b_) = by.

Then

p
=[[. oer,
1,0

is a 1-cocycle of T in P eX.
By the usual argument with Shapiro’s Lemma we have:
Lemma 2.2.C. (a) The class of v, is independent of p, and

(b) if R = £0O where O is an asymmetric I'-orbit then v, is cohomologically trivial.

Proof. (a) We may assume that R = {-£\}. Then the only gauges are £p, where p(\) = 1. Since b~} = b3b, **

we have that v_,, = v,w, where w(o) = by ** if oA = —\ and w(o) = 1 otherwise. But w(o) = zo(x)~

T = b;)‘.
(b) Again assume R = {£A}. Then v, = 1.

(2.3) An Application

L where
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Our first task is to define an invariant for a pair (7, {a.}), where T is a maximal torus defined over k in a
connected reductive group G defined and quasi-split over &, and {a,} is a set of a-data for T, i.e. for the action

of T' = Gal(k/k) on the set R(G, T') of roots of T in G. Note that in this setting a-data are readily verified to exist.

We fix a k-splitting (B, T, {X,}) of G. There will be no harm in assuming G semisimple and simply-
connected and we do so to conserve notation. Denote by o the actionofc e T'on T, and set I' = {o : 0 € T'}.
Again £2 will be the Weyl group Q(G, T).

Choose a Borel subgroup B of G containing 7' and h € G such that (B,T)" = (B, T). Denote by o7 both

the action of o € T on T and its transport to T by Int A~!. Set
I'r={or:0celT}C2xT.

If wr (o) is the element of 2 defined by Int(h~ 1o (h)) then o = wr (o) x 0.

The a-data for T' serve also for the action on T" on RV (G, T) and, after transport, for the action of I'z on

R = RY(G,T);{a,'} is also a set of a-data. By Lemmas 2.1.A and 2.2.A
n(or) =n(wr(o)) xo, oel,

satisfies

n(or)o(n(rr))n((or)r) ™" = dx(or, 7r) "

where
p

(o) = [Jas

1,0

and p(«) = 1 if and only if a is a root of T in B. Then
or — z(or)n(wr(o)) x o
is a homomorphism of 'z in Norm(T(k), G(k)) x I'. Otherwise stated,
op — m(or) = z(or)n(wr(0))

is a 1-cocycle of 'z in Norm(T(k), G (k)).

Now hm(or)o(h™') = h(m(or)o(h~')h)h =" liesin T'(k) and is evidently a 1-cocycle of " in T'(k). Since

h is unique up to left multiplication by an element of T'(k) this cocycle yields, for given k-splitting, a-data and

B D T, awell-defined element \(T") = A(,1(T) of H'(I',T(k)) = H*(T). We note some of its properties.
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(2.3.1) The splitting (B, T, {X,,}) may be replaced only by (BY, T¢, {X%}), where g € G(k) is such that go(g)~*

lies in the center Z of G,o € T'. Then m(o7) is replaced by g—!

m(or)g and h by hg. Thus the cocycle defining
A(T) is replaced by
hg(g~'mr(0)g)o(hg) ™! = go(g)~ hmr(o)o(h)~".

Then \(T') is multiplied by the class g in H!(T) represented by o — go(g) L.

(2.3.2) Suppose that the a-data {a,} are replaced by {a,,}. Then a!, = bya,, where b, = o(bs) for all o in the

group ¥ generated by T and ¢, and hm(o7)o(h~1) is replaced by
hv,(or)h ™ hm(or)o(h™1),

p —
where v, is the 1-cocycle o7 — [] b2 of I'r in T(k) (cf. Lemma 2.2.B). Note that hv,(o7)h ™! is the cocycle
1,0

q Vv
by o [[ b2 of I'in T'(k), ¢ denoting the transport of the gauge p to RV (G, T') by Int h, and that the class b of b,

[e%
e

1
in H'(T) is independent of the gauge ¢ (Lemma 2.2.C).

(2.3.3) Next we show that A(T') is independent of B. Suppose that B is replaced by vBv~t,v € Norm(T, G).
Set u = h~'vh € Norm(T,G), and suppose that y is the element of £2 defined by u. We now have to
transport o on 7 to T by Int(h~'v~1). Suppose we obtain ¢/, = w/.(¢) x o. Then since h~lv~to(vh) =
h=*w=h-h=lo(h) - o(h~tvh) = u=th~lo(h)o(u) we have wi(0) = p~lwr(o)o(pn). LetT = {o} : a € T}.
The a-data {al, } obtained by transport for I/ satisfy a], = a,, o € R(G, T). We then define m(c7.) in the same

way as m(or) and consider
vhm(oy)o(h™ o™t = hum(of)o(u™ o (h™1).

But now um(o’.)o(u)~! = b(or)m(or), where o — b(or) is a 1-cocycle of I'r with values in T. It remains to
show:
Lemma 2.3.A. The cocycle b is trivial.
Proof. We have m(or) = z(or)n(wr (o)) and m(ol.) = (o )n(wh(0)); z(or) is defined in terms of {a,} and
z(o%.) in terms of {a/,}. Then

m(or) = (o )n(u™ wr(o)o (k)

which equals

or
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Now n(p) = Au, where A € T, and then

n(o(w)) = o(n(w) = s(No(u).

Also we have n(pu=1) = n(u)~'t, (1, p=1). Thus um (ol )o(u) =t is equal to

pla(or)z(or) ™ (s, ™ ulty (0™ wr(0), o (1)to (™ wr (0)IA™ o (N)m(or),

and b(or) is equivalent to

wla(o))a(or) ™ p(p, ™ ulty (W™ wr(0), o (1))t (1™ wr(o)].

We now omit the subscript 7" in notation. That b(c) is trivial follows from:

P \%
Lemma 2.3.B. (a) Let 6 = [[ a,® . Then p(x(o’))x(o)~t is equal to
1,p

o(67") 11 (-1 11 (—1)*

p()=p(p~ " a)=p(u~to " Ta)=1 p(e)=p(c™ a)=p(u~to " ta)=1
p(o ta)=—1 p(p~ta)=-1

(0) tp(p, M pltp(n w (o), o (1))tp (" w(0))] is equal to

I1 (1) I1 (1)

p(e)=p(u~"a)=p(p~to ta)=1 p(e)=p(c " a)=p(p~to " a)=1
plc ta)=—1 pp~ta)=—1
Proof.
pareNe@ = [ @ [ e
p(a)=1 p(a)=1
pp~ o pa)=—1 plota)=-1

Mo« I o
p(p~ta)=1 p(a)=1
p(p~to ta)=—1 plota)=-1

The contributions to this product are as follows.

(i) pla) =1,p(pta) =po~ta) = =1 : a3 .

(
(i) p(e) =p(p o) =p(p~tota) =1,p(c " a) = —1:qa
(
(

(iii) p(u~'e) = 1,p(a) =p(c~'a) =p(p~o " a) = ~1:ag .

(iv) ple~ta) =p(p~ta) = 1L,p(p~to7ta) = —1: a2 .

On the other hand,
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The contributions to this product are the following.

\%

(i) ple) =1,p(pta) =plo'a) = —1:a,°

(i) p(@) =p(u~'a) =p(u~to~la) = —1,plc™'a) = 1:ag = (=1)* a2,
(iii) p(u~'a) = =1,p(@) = p(o™"a) = p(u~'o " a) = 1z = (=1)*" aZ] .
(iv) p(c~ta) =p(p~ta) = 1,p(u~to ta) = —1: a8 .

The assertion (a) follows.
For (b) we observe first that p(c~'a) = p(a) so that p(w(c)"'a) = p(c~'a) for all roots . Thus
tp (ks 1)ty (p 1, w(@))) is equal to
II o 11 o= I v 11 (=1)* .
p(a)=1 p(a)=p(c " pa)=1 p(a)=1 p(a)=1
p(p~ta)=—1 p(pa)=—1 p(pta)=—1 p(p~ta)=p(c™ a)=—1

Performing the obvious cancellations, we obtain

p(@)=p(o " a)=1
p(n~ta)=—1

Also u(t,(n~tw(o),o(u)) is equal to

I1 (—1)pe’ = 11 (-1

pla)=p(p pa)=1 p(p ta)=p(p~ o ta)=1
plo~ 1 po)=—1 plo—Ta)=—1

71071

Then t, (1, 11~ ) a(ty (1™ w (o), o (1))t (1~ (o)) equals

| G 11 (—1)".

p(e)=p(cta)=1 p(p~ta)=p(p o a)=1
ppta)=—1 plo™ a)=—1
The nontrivial contributions to this product occur only for either
(i) pla) = p(p~'a) = p(p~lo~ta) = Lp(o~ta) = —1, or (i) p(a) = p(o~'a) = p(p~'o""a)

=1,p(p~ta) = —1. Thus (b) follows, and the lemma is proved.

(2.3.4) Suppose now that Int g—* maps 7" to 7" over F and carries a-data {a, } for T to the a-data {a’,} for T".
We construct A(T') = Afq,1(T) and A(T") = Aar 3(T"). Note that if B O T is used to define the cocycle m(or)

then B’ = gBg~! yields m(or/) = m(or). From
hm(or)o(h)™ = g(g~ ' hm(or)a(h) " a(g))g™" - go(g) ™!

we conclude that if g € H'(T) is the class of the cocycle o — go(g)~! then \(T) is g times the image of \(T”)

under the homomorphism H*(T') — H'(T) given by Int g.
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(2.3.5) Finally, suppose that k is a number field, v is a place of k£ and k, is the completion of k£ at v. Then
a-data for T as torus over k, or global a-data serve as well as a-data for T" over k,, or local a-data. We therefore
obtain both \(T') € H'(T', T') and \,(T") € H*(T,, T) attached to given global a-data and k-splitting of G. For
o€l CT,m(or) =xz(or)n(wr(o)) is the same whether given in terms of  or of k,. Thus A, (T) is the image
of \(T") under HY(I', T) — HY (T, T).

(2.4) An Explicit Splitting

We return to the setting of (2.1). Recall that if p, g are gauges on R then ¢, and ¢, are cohomologous 2-cocycles of

Y ink* ® X (Lemma 2.1.C). Here we shall construct an explicit splitting of ¢,, /¢,.

Let s,/ (0) = [T(—1)* IT (=1)*, o € T, where [] is the product over X such that
(p) (—a) (»)

p(A) =1, ploe='N)=-1, q¢\)=q(c™'\) =1

and [] the product over A such that
(-9

PN =ple N =1, ¢V =-1, N =1

Observe that s, = s_p/p = sp/—p = 1.
Lemma 2.4.A. The coboundary of sp/q is tp/tq.

Proof. Foro,7 € ', A € R, set

Then
5p/a(0)0 (579 (T))psq(07) " = [T (=D,
where the product is taken over the six sets given respectively by S()\) equal to:
(1,—1,41,1,1,41); (£1,1,-1,£1,1,1);(1, £1,—-1,1,£1,1);
(1, 1,£1,—1,1,+1);(£1,1,1,£1,-1,1); (1, £1,1,-1,£1,1)
. The contribution of £+ to this product is as follows.
(a) If all entries in S(\) are positive: 1.
(b) If exactly five entries in S()\) are positive: (—1)* if S(A\) = (1,1,1,1,—-1,1) or (1,-1,1,1,
1,1), and 1 otherwise.
(c) If exactly four entries in S()\) are positive: (—1)* if S(\) = (1,-1,1,-1,1,1),(1,-1,1,1,
1,-1),(1,1,-1,1,-1,1),(=1,1,1,1,-1,1),(=1,1,—1,1,1,1),0r (1,1,1,—1,1, —1), and 1 otherwise.
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(d) If exactly three entries in S()\) are positive: (—1)* if £S(\) = (1,1,-1,-1,1,-1),(1, -1,
-1,1,-1,1),(1,-1,1,-1,-1,1)or (-1,1,—-1,—1,1,1),and 1 otherwise.

On the other hand, ¢, (o, 7) /t,(o,7) = [[(—1)* where the product is now over each of
{A:S(\) =(1,-1,1,41,+1,+£1)}

and

{A:S(N) = (1,41, +1,1,—1,1)}.

Consider the contribution to this product from A. In cases (a) and (b) the contribution is the same as for ds,,/,. In
cases (c) and (d) if £ contribute (—1)* to s,,/, we find that exactly one of X and —\ contributes (—1)* to ¢, /t,

and conversely. Thus t,,/t, coincides with Js,, /,, and the lemma is proved.

Corollary 2.4.B.
(1) sq/p is cohomologous to s, /-
(i) sp/qSq/r is cohomologous to s, ;.

Proof. Inview of Lemma 2.4.A both sq/ps;/lq and sp/qsq/Ts;/lr are cocycles. We can then reduce in the usual way

with Shapiro’s Lemma to the case R = {£A}. Then ¢, = £p and the lemma is clear.

(2.5) x-Data

We consider the case £ = C and I" = Gal(L/F), where F is a local or a global field and L is a finite Galois
extension of F. The group 3 = (I, ¢) acts on C* ® X with trivial action on C*. The cocycle ¢, is nontrivial in
general. Let W be the Weil group of L/F. Then W acts on C* ® X through W — T. The inflation of ¢, to W

does split [L1]. Here we shall construct a splitting of it using x— data which are prescribed as follows.

SetI'yy ={ceTl:oA=AandT'y ) = {0 € I': 60X = £A}, X € R. Once X has been fixed we delete it in
notation. Then F C L will be the fixed field of I";, and Fy the fixed field of I'+.. Note that [F'; : Fly]is2or 1
according as the I'-orbit of A is symmetric or asymmetric. Set Wy = Wy, ,p, and W, = Wy, . Then by x-data

for the action of I on R we mean a collection {x : A € R} such that the following hold.

(i) xx is a character on Cyy, where Cyy is the multiplicative group of Fy ) or the idéle-class group of

F\, according as F' is local or global.

In either case we may regard x as a character on W = W,y.

(i) Xx-» =" and
Xox ZXA-U_l,o elLbAeR.
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(iii) If [F : Fir] = 2 then x», as character on C4, extends the quadratic character on Cy attached to the

extension Fy /Fy. Itis readily verified that y-data exist.

To prescribe the splitting we shall at first assume that X acts transitively on R. In general, it is a product of
the splittings for the orbits. Fix A € R and choose representatives o1, . .., o, for 1 \I'. Then iaflA, ooy Eo A

are the elements of R listed without redundancy. Define a gauge p on R by
p(\)=1lifandonlyif ' =o; '), some1 < i < n.

Choose wy, . .., w, € W such that w; mapsto o; under W — I'. Thenwy, ..., w, are representatives for W \W.

If w € W then define u,;(w) € W4 by
wiw = u;(w)w;, i=1,...,n.

Choose representatives vy € W, and vy for W \W_ incase [F; : Fi] = 2and an element vy of W, if Fly = Fl.

Note that x» (vivvy ') = xa(v) ™!, Foru € Wy define vo(u) € W, by
vo - u = vg(u) - v,
where 7' = 0 or 1, as appropriate. For u € W set
s(u) = xa(vo(u))

and for w € W set

rp(w) = HXA(”O(ui(w)))A” = [T sCustw))™,

where \; = o; ' \. Then r, is a 1-chain of W with values in C* ® X.
If g is any gauge on R set

Tq = Sq/pTp-

Lemma 2.5.A. The coboundary of rq is t4.

Proof. In view of Lemma 2.4.A we have only to consider the case ¢ = p. Suppose that v, w € W. Then
wivw = ui(v)wyw = u; (v)uy (w)w
so that u; (vw) = u;(v)uy (w). If v — o under W — T' then

-1 -1
ONyy =00, A= €0, =€\,
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where ¢; = +1 or —1 according as u;(v) € W or not. Observe that ¢; = p(c=1);). Now

=1

and

n

rp(vw) = [ [ s(us(0))s(us (w)™

=1

We claim that
s(ui/ (’U)))EL =t- S(’LLZ‘/ (’U}))

where ¢t = 1 unless ¢; = —1 and u; (w) ¢ W, in which case it is —1. But ¢; = p(c—1);) and if w — 7 under

W — T then uy (w) ¢ W4 ifand only if p(t—! X)) = e;p(17*o~1\;) = —1. We conclude that

n@pe@nen) = I 0N = [0 =),
p(o™tA;)=—1 l,0,7

p(r~ro7a)=1

To prove the claim there is more convenient notation. Let u,v € W4 and suppose v — o,v — 7 under

Wi — Ty Sete = p(c~'\) and § = p(r~to~1\). Then the claim asserts that

. _ -1 ife=-1,6=1
s(u)s(v)“s(uv) l= { 1 otherwise,

where s(u) = xa(vo(u)). If u € W4, and in particular if W, = W4, then e = 1 and vy (u) = vouvy ', vo(uv) =
vouvy Mo (v) $0 that xx (vo(u))xa(vo(v)) = xa(vo(uv)). If u ¢ W, then vouv = vo(u)vyv. Ifalso v € Wy then

vo(u)v1v = vo(u)vivvy toy and vo(uwv) = vo(u)vivvy L. Thus

Xa(vo (uv) = xa(vo () xa(v1vv ) = xa(vo(u))xa(v) ™"

If both u, v lie outside W then
vouv = vo(u)v1v = vo(u)vlvalvo(v)vl
= vo(u)vlvalvo(v)vflvaalvo.

Thus

vo(uv) = vo(u)vivy oo (v)vy vt

and
X (vo (uw)) = xa(vo (w))xa (vivo (V)v H)xa(vivg or oy Hxa(v])

= —XA(UO(U))X)\(’UO(U))_l
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since x(v?) = —1Land xx(vizv] ') = xa(z) "1,z € W4 The claim is thus verified, and Lemma 2.5.A proved.

It remains to check that the various choices made have no effect on r,, up to 1-coboundaries. First we

observe that

n -1
re(z) =1p(z) = Hx,\(leLaaia:)”i AMxe L,

i=1
is independent of the choices for v, v1, w1, ..., w, and A, and that r(zw) = rq(x)ry(w),x € L*,w € W.
Considerachangein vy, vi. Thenr, is replaced by a cochain r,,. To show that the cocycle rprzj,l istrivial we
may assume X isfreeon {\ € R : p(A\) = 1} and reduceto the case R = {+A} by Shapiro’s Lemma. Itis sufficient
now to observe that r, and r,, coincide on W_, for then rpr;,l defines an element of H!(Gal(F, /Fy),C* ® X).

This group is readily seen to be trivial.

Another choice w}, ..., w], for wi,...,w, leads to a gauge p’ and it has to be shown that the cocycle
S /pTpT,, " IS trivial. Again we reduce to the case R = {£\}. Since p’ = +p, s, is trivial and, as above, it
needs only to be shown that r, and r,/ coincide on W,. We may assume p(\) = p/(—\) = 1,w; = v and
wi = wvi. Then Ay = \, N} = =X and u; (w) = vowvy ', uy (w) = viwvy *,w € W. Thus for w € W, we have
A

X (1] (w)) 1= X)\(vlwvl_l)’A = xa(w)* = xa(u1(w))* and 7, (w) = rpy (w), as desired.

Finally, replacing A by —\ clearly has no effect. If we replace A by \' = g\ and v € W is a lifting of o then
Iix = ol'yr0 ! and we may take o) = po;. Then X, = )\; and we set w, = vw;, so that u}(w) = vu;(w)v =t
We also take vf, = vvgv ™1, so that v)u}(w) = vuou;(w)v ™. Since xn (vzv~1) = () the independence is clear.
Corollary 2.5.B. Suppose {(x : A € R} satisfies:
(i) ¢ is a character on Cyy and hence on W y.
(i) Ga=Coo hoeT,AeRand -\ = HAER.
(iii) If [Fiya : Foa] = 2 then )y is trivial on Cyy.
Then .
c(w) = [T @o(wi(w)), wew,
i=1

is a 1-cocycle of W with values in C* @ X. Its cohomology class is independent of the choices made in its
construction.

If the action of X on R is not transitive we define r, and c for each X-orbit, thus for each pair =O of

T'-orbits, and then take products over all such pairs. The results are denoted again r, and c.
(2.6) A Second Application

Suppose that G is a connected reductive group defined over F. Recall that “G = G x Wr. Suppose that T is
a maximal torus over F' in G. Then we shall attach to y-data for T, that is, for the action of I' = Gal(F/F) on

R(G,T), acanonical G-conjugacy class of admissible embeddings of £T in LG.
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There will be no harm in replacing F throughout by a finite Galois extension L C F of I’ over which T
splits, and we do so without change in notation. Denote by o the action of o € " on GandsetI” = {o:0€T}
Fix a T-splitting (B, T, {X\'}) of G.

A homomorphism ¢ : “T — LG is an admissible embedding if

(i) £ maps TtoT by the isomorphism attached to the pair (]§, ’f‘) and the choice of a Borel subgroup B in G
containing 7', and
(i) £(w) € G x w,we W.
The @-conjugacy classof £is{Int go & : g € @}. It is independent of the choice of (}§, ’i‘) and B.

We fix B. Then to specify £ we have only to give a homomorphism w — &(w) = &o(w) x w where
&(w) € Norm(’f, @) and where, in addition, if w — ¢ under W — T then Int {(w) acts on T as the transport by
¢ of the action of o € T on T'. We write this transport o as wr (o) x o € £2 x T',and set 'y = {07 : o € T'}.
The y-data {x, } for T provide y-data for the action of I';v on R = RY (G, T); {x5'} is also a set of y-data.

By Lemma2.1.A

n(w) = n(wr(o)) x w e Norm(T,G) x w, w e W,

satisfies

n(w1)n(w2)n(wiws) "t = t,(01,02),

if w; — o; under W — T', where p(«) = 1 if and only if @V is a root of T in B. By Lemma 2.5.A the inflation of
t, to W is split by 1, where r,, is the 1-cochain of W in T attached to {Xa} asin (2.5). We now use py for the

gauge fixed there so that 7, = s,,/,,,7,, and note that r, * is the cochain attached to {x'}. Thus with
(w) = rp(w)nfwr(o)) x w, weW

we obtain an admissible homomorphism ¢ : T — LG. It is determined uniquely up to ’i‘-conjugacy by the

T"-splitting, Borel subgroup B and y-data for 7.

(2.6.1) Suppose that the I'-splitting is replaced by another, (BY, TY, {X?,}). We may suppose that g € G is
I'-invariant [K2]. Then n(w) is replaced by g~ 'n(w)g,w € W, and ¢ : T — LG by Int g~ - €, so that the
@-conjugacy class of £ is not affected.

(2.6.2) We show now that the @-conjugacy class of ¢ is independent of the choice of B. Suppose that B is replaced
by B’ = vBv~!, where v € Norm(T', G), and ¢’ is obtained in place of £&. Let yin £2 = Q(@, 'I‘) be the element
defined by the transport of Int v|7 to T by £&. Then the transport of ¢ from T to T via &is ofp = wh(o) 1 o,

where wh(0) = p~twr(o)o(u).



SLOn the definition of transfer factors 24

Lemma 2.6.A. We have
¢ =Intg~'ok,
where g € Norm(T, G) acts on T as p.

Proof. The two sets of data {x.} and {x,, = xua} Yield

{(w) = rp(w)n(wr(0)) x w, ¢ (w) = ry(w)n(wr(o)) x w

if w — o under W — T". We delete the subscript 7" in our notation. Lemma 2.1.A shows that

£ (w) = ryp(w)n(u™ w(o)o () x w

= rp(w)tp(pw(), o ()t (p™", w(o))n(p™n(w(o))n(e(n) x w
= n(u) " p(p, ™ alty(n ™ w(0), o (1)) tp (0™ w (o)), (w)]rp (w) " E(w)n(p).
By Lemma 2.3.B,

tp (s~ Dty (0w (o), o ()t (" w(o))]

is equal to

11 (—1)° 11 (—1)* = s4(0),

ple)=p(p~ a)=p(p~ "o a)=1 p(e)=p(c ™ a)=p(p~ o a)=1

plo™ a)=-1 p(pta)=—1
where ¢ is the gauge p o u 1.
To complete the proof we observe that (1, (w)) = sq/p, (7)1, (w), S0 that

/ —1

P ()1 () ™ = 5475 ()7 (W) 8/ (0) ™ 1y (w)
= Sq/p(O').

(2.6.3) Suppose that the y-data {x.} are replaced by {x/,}. Then x/, = CaXa, Where {(, : @ € R} satisfies the
conditions of Corollary 2.5.B. Let ¢ be the cocycle defined there. Then the embedding € is replaced by ¢ ® & where

c®E(t xw) = c(w)E(t x w), txwelT,

(2.6.4) Suppose that Int g—* maps T to 7" over F and carries the y-data { .} for T to data {y.,} for 7". Now
g defines a canonical isomorphism X, : T’ — LT. Let ¢ be the embedding of “T in G defined (up to &(T)-
conjugacy) by the choice of Borel subgroup B D T'. Then &' = £ o A, is the embedding of LT"in LG defined by
the Borel subgroup B’ = g~ ! Bg of G. Thus the class of embeddings attached to (77, {x,}) is obtained from that

attached to (7', {x« }) by composition with the canonical “T" — LT
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(2.6.5) There is a simple local-global relationship when F' is a number field. Suppose that v is a place of F' and
F, is the completion of F" at v. Fix a place w of L dividing v, and setT', = Gal(L.,/F,), W, = W, /p,. Thena

homomorphism W,, — W for which

l—» LX— W,— I',— 1

! ! !
1—- Cp, - W— TI'— 1

w

is commutative attaches to € : T x W — G x W a local embedding &, : T x W, — G x W,. Since &(Cr,) C

T x Cr,,, where T= g(f), &, is determined uniquely up to ’i‘-conjugacy by €.

On the other hand, the place w of L determines completions of the subfields, F'; and F.. These completions
coincide with F),  and F, 4, the subfields of L,, definedby I', + ={c €T, : cA = A}andT, L ={c €T, :
oA = £A}. Then the natural embeddings F, + — C4,F, + — C4 allow us to construct x-data {XEP} for the

action of I, local data, from y-data {x. } for the action of I, global data.

To prescribe an admissible € : T x W — G x W we have to give a I'-splitting of G and a Borel subgroup
B of G containing T as well as {x, }. The same splitting and Borel subgroup together with {x&”)} yield a local
embedding &, : T % W, — G x W.,. Because the choices made in our constructions do not matter we can arrange
that &, (w,) = &(w) if w, — w under W,, — W. Thus, up to ’f‘-conjugacy, /. is the local embedding attached to

&, and passage from global to local embeddings is consistent with passage from global to local y-data.

3. Definitions
(3.1) Notation

Throughout Sect. 3 F' will be local and g, 7 will be strongly G-regular elements in H(F') which are images of

the elements v¢, ¥4 in G(F).

Let Ty, T g, be the centralizers of vy, 7 in H. We fix admissible embeddings Ty — T and Ty — T
of Ty and Tx in G*, the quasi-split form of G, and denote by v and 7 the images of vz and 7 under these

embeddings. Notation for tori and elements in G itself will always include the subscript G.

We denote by R the root system of 7" in G*, by R" the coroots, by (2 the Weyl group, by R, the subsystem
of coroots from H, by Ry the subset of roots from H and by Q the Weyl group generated by Ry or RY,. The

analogous obijects for T will be denoted &, R and so on.

We further fix a-data and y-data for the action of I' = Gal(F/F) on the roots of T and of T. These
may also be regarded as a-data and x-data for the action on the coroots, and are unaffected by passage to the
simply-connected covering G. of the derived group G*. If Ty — T is replaced by an 2(T")-conjugate [recall

(1.3)] then we may use this conjugation to transport given a-data and y-data to data for the new image of T.
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To check the effect of our choice of embedding T — T, a-data {a,} and x-data {x.} we will have only
to determine the effect of:

(A) replacing (Ty — T,{aa},{xa}) by an A(T)-conjugate triple, and
(B) changing {an},{xa} with Ty — T fized.

Recall that Ty — T is given by the choice of Borel subgroups By in H and B in G*, of pairs (By, 7x)
in H and (B,T)in G, and of z € G such that Int z o & maps 7y to 7 and By into B. Several choices yield the
same embedding. We may, without loss of generality, fix T-splittings (B, Ti, {X ¥ }) of H and (B,T,{X}) of
G and require that (B, Ty) and (B, T) be the chosen pairs in H and G for both Ty — T and Ty — T.. Up to
equivalence of endoscopic data we may assume that £ maps 7z to 7 and By into B. Since the endoscopic datum
s is central in g(ﬁ), it lies in 7 and its preimage in fH is independent of the choice of By; so its image s in T

depends only on the embedding Ty — T.

There is a canonical embedding of the center Z(@) of GinT. Let ﬁd = f/Z(@). Then 7y = wo(fgd) will
denote the component group of the I'-invariants in fad. The image of sy in ﬁd is I'-invariant and so defines an

element s of 7. Finally we recall from [K2] that Tate-Nakayama duality provides a pairing
() HY(T, Tye) x m9 — C*.

(3.2) Term Ay
Definition.
Ar(vave) = (M), s1),
where \(Ty.) is computed relative to an F'-splitting spl of G [see (2.3)].
Lemma 3.2.A.
Ar(vave)/ A1V uVe)
is independent of the choice of spl.

Proof. Suppose spl is replaced by spl?, where g € G7.(F) is such that go (g~ 1) lies in the center Z,. of G%., 0 € T.

sc?

Then \(Ty.) is multiplied by the class g, of o — go (g~ 1) in H'(T%), by (2.3.1). Thus we have to show that

<gT7 ST> = <gTa ST>'

There will be no harm in replacing F by a finite Galois extension over which T is split. We do so without
change in notation. Then following [L2, Lemma 6.2] we identify H!(T..) with H'(X,(T%.)), H*(Zs.) with
H2(X,(Toa)/ X«(Ty)) and HY(Zs.) — H*'(Ty.) with

H72(Xo(Taa) [ Xo(Tec)) = H™H(Xu(Toc))-
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Suppose the class of o — go(g~1) in H*(Zs.) corresponds to that of ¢ — A, where A, € X, (Taq)/ X (Txc). Let
Ao be a coset representative for A,. Then g, corresponds to the class of ¥, (0" — 1)\, in H~1(X.(Tx)) and

(gr,s7) = (Zo(op" — 1)\, (s7) if we regard the sum as a character on T. similarly, there is a formula

To compare the two, we may choose an element 2 of G* such that 2~ 'Tz = T and such that t — z~ 'tz is the
transfer to T,T of an isomorphism Ty — Ty innerin H. Then xa(m_l) represents an element of Q. Under
Int 2%, T is identified as 7" with twisted Galois action o7 = o(c) x o7, where o(o) € Qp, and s is identified

with sp. We may assume XU = A, SO that

(&7 57) = (Z(U?lg(a)l - 1)Aa> (s7)

g

= (Z(UTI - 1)/\a> (s7)

o

= (87, ST),
since p(o) € Qy fixes or(sr).
Lemma 3.2.B. If (Ty — T,{an}) is replaced by its g-conjugate, g € UTs.), then Ar(vm,va) is multiplied
by
(gr 1),
where gy is the class of o — go(g™1) in HY(Tx.).
Proof. This follows immediately from (2.3.4).

Lemma 3.2.C. Suppose that the a-data {aq} are replaced by {al}. Set by = al,/ao. Then Ar(vm,vq) is

multiplied by:
H Xa(ba),
«

where {xa} are x-data and the product is over representatives a for the symmetric orbits of T' in the roots
of T that are outside H.

Recall that b, € F}', and that if o belongs to a symmetric orbit then ., restricts to the quadratic character
on F}, attached to Fi,/Fi, (2.5). AlsO Xa(ba) = Xoa(boa),o € T, so that the choice of orbit representative
does not matter.

Proof of the lemma. By (2.3.2) Ar(ym,) is multiplied by (b,sr) where b is represented by the cocycle o —

q v A A A A
[1b% , g being some gauge on R. The choice of ¢ does not matter (Lemma 2.2.C). If O is a I"-orbit then the
1,0
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contribution from +O to this product is also a cocycle. Suppose it represents the class bro. Thenb = [] byo.
+0
If O is asymmetric then b is trivial (Lemma 2.2.C). Thus it remains to show the following:

Lemma 3.2.D. If O is symmetric then

(i) (bo,sT) =14f O is contained in Ry and

(ii) (bo,sT) = Xal(ba) if O is outside Ry, where o represents O.
Proof. We extend the Shapiro lemma arguments of Sect. 2. Let X be the free abelian group on OY = {a" :
a € O,q(a) = 1} with the inherited action of I". Fix some oY € OY and let X, be the subgroup generated
by a¥. Then the stabilizer 'y, of {a} in T acts on X, and Xp = Ind?iaXa. Let T be the torus over I
with X, (To) = Xo and T, be the torus over F.y, with X..(T,,) = X,. Then T, is one-dimensional, anisotropic
over F., and split over F,,,and Tp = Res?—'”Ta. From the natural homomorphism Xo — X, (T.) we obtain
To — Ty over F and an L-homomorphism fad — fo. Let s» be the image of s, or more precisely of the image
of spin @ad. Then

aY(sp) =aY(sr), a€O.

We pull bp back to H!(Tp), as we may, without change in notation. If sp is the image of sz under

WO(f;:i) — wo(fg) then the functoriality of Tate-Nakayama duality yields
<bT7 ST> = <b(97 SO>~

If O C Ry thenaV(sr) =1, € O, and so sp = 1. This proves the first assertion of the lemma.

If O is outside H we compute (bp,se) by reduction to T,,. The image b, of bo under H (', Tp) =

HY(T14,T,) is represented by

A\
o >, ca=—a
—
1, oo =«

Let s, be the image of s under wo(fg) = wo(fgi(’). Then by restriction of scalars for Tate-Nakayama duality

we have:

<b(9; SO> = <bavsa>'

Since 7 (fgi“) consists of two elements and se is clearly nontrivial s, must be nontrivial. Then, as observed in
(1.3),
(ba,8a) = Xa(ba),

and the lemma is proved.

(3.3) Term Ay
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Definition. Arr(ve,va) = ] Xa (%) , where the product is over representatives « for the orbits of I" in the

e

roots of 7" that are outside H.

Xoa <M) =y oo ! (M) v (M)

Since
Qoo (40
the choice of representative o does not matter.

Lemma 3.3.A. If O is asymmetric then the contribution from +0O is xo(a(Y)), where a lies in either O or

-0.

Proof.

(S0 () () () v

Lemma 3.3.B. If Ty — T,{aun}, {Xa}) is replaced by an A(T)-conjugate then Arr(yu,va) is unchanged.
Proof. This is immediate.

Lemma 3.3.C. If the a-data {ao} are replaced by {al,}, where al, = anbq, then Arr(vm,va) is multiplied by

HX&(b&)_la

where the product is over representatives for the symmetric orbits outside H .

Proof. By definition A7r(vm,7¢) is multiplied by [ xa(ba) ™!, where the product is over representatives for all

orbits outside H. Since
Xa(ba)X-a(b—a) = Xa(ba)Xgl(ba) =1
we may ignore the asymmetric orbits.

It remains to consider the effect on Arr(vm,ve) of replacing the y-data {x.} by {x.}. Suppose ¢, =
X4 Xo ! Then if « lies in a symmetric orbit ¢, must be an extension to ¢ of the trivial character on F},.

Suppose that O is symmetric and ¢ is some gauge on O. We denote by X © the free abelian group on
O1 = {a € O : ¢(o) = 1} with the inherited action of ', and let X* be the submodule generated by some
a € Oy, so that XO = Indp, X©. Define the torus 79 over F by X*(T°) = X© and T over Fy, by
X*(T*) = X*. Then T is one-dimensional, anisotropic over F., and split over F,, and T° = Res?mT".

From the natural homomorphism X© — X*(T') we obtain a homomorphism 7' — T'© over F and then
T(F) — TO(F) =5 T%(Fiy).

Let v* be the image of vy in T*(F4,). Then
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Since the norm map T%(F,) — T%(Fy.) is surjective we may write
7 =609,

where §¢ € T*(F,) and the bar denotes conjugation in 7°*(Fy, ) with respect to T*(F4.4).

Although we could do without it here we describe the analogous construction for an asymmetric orbit O.
Thus X*© is the free abelian group on @ and X is the subgroup generated by some « in ©. Then I acts and
X has stabilizer I', , = I'+,,. We define T+© over F by X*(T*9) = X+, T is the one-dimensional F,,-split

torus with X*(7%) = X, and T*© = Res}, T*. From X*© — X*(T') we obtain
T(F) — T*O(F) = T“(F,).

If v is the image of v then a (%) = a(y).
Lemma 3.3.D. If the x-data {xa} are replaced by {x.}, where X!, = Xala, then Arr(vm,va) is multiplied

by

asymin symim
IT O™ I 6,

asymim symimn
where the product ] s over representatives av for pairs £O of asymmetric orbits outside H, and [] s

over representatives for the symmetric orbits outside H .

asymm

Proof. The contribution ] is clear from Lemma 3.3.A. If « lies in a symmetric orbit we have

a(7) = a(y*) = a5 = a(§*) /a(0).

— G (M) Cala(3™)

Qo

= Ca((%))

since (a(0) — (%)) /ag liesin F}, and Ca(a(5a))_l = (o (a(09)).

Hence

(3.4) Term Arrr, or Ay
The next two terms will be denoted Ay, and Ajjy,, or more briefly A; and Ay, since they are combined

in a single term in the twisted case [K-S].

We begin with the case that G is quasi-split over F', taking G as G* and the twist ¢ to be the identity. Since
vu is an image of y¢ there exists h € Gy such that gygh~! = v. Set v(o) = ho(h)~!. Because 1 is strongly

regular the class inv(yy, vg) of v(o) in H(Ty.) is well-defined.
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Definition (G quasi-split). A1 (vu,v6) = (inv(vu,va)sT) L

In general, we work with the two pairs of elements vz, v¢ and 7, 7. There exist h, h € G, such that

-1

h(yo)h ™" =yand hp(Fg)h  =7.
Set
v(o) = hu(o)o(h) "t and 5(o) = hu(o)o(h)™?,
where u(c) € GZ, and o (y)~! = Intu(o),o € T. Then v(c) and v(o) are cochains of I" in T, and T, each
well defined up to coboundaries because v and 7 are strongly regular.

Further, dv = 9v = Ju, each coboundary taking values in the center Z. of G.. Let U = U(T, T) be the
torus

Tye X Tsc/{(zil, Z) A ZSC}.

Then o — (v(o)~1,7(c)) defines an element of H'(U) which is independent of the choices for u(o), h and h. We

. ('YH;'YG)
mv | ——]).
Y VG

From T x Tse — U we get H'(Tye) x H'(Ts) — H'(U). If G is quasi-split then inv (%) is the

H>

write this class as

image of (inv(vr, 7)™, inv(T, 7).
Recall that fad is f/Z(@), the torus dual to the preimage T of T in Gs.. We denote by fSC the torus dual
to T.a = T/Z(G). Then the center Z. of the simply-connected covering of the derived group of G, which is a

finite group isomorphic to Z,., is canonically embedded in fsc and fsc. Set

ﬁz’f’sc xic/{z,z) 12 € Zge )

~

Then X*(U) C X*(fSC xf;c). At the same time, X *(U) C X*(Ty. x Ts). The Q-pairing between X*(ZA’SC xﬁc)
and X*(Ty. x Ts.) yields a dual Z-pairing between X*(U/) and X*(U), and so U is the torus dual to U.

To the endoscopic datum s we attach sy € wo((A]F) as follows. Suppose s lies in the preimage under
Tsc — Taq Of the projection of sonto 7,4 = T/Z(@). From7 — Tand T —>Zé“we obtain 7,. — fsc and 7. —>fc.
The images s and 5T of § depend only on the embeddings T — T and Ty — T. The image sy of (37, ET) in

Uis independent of the choice of 3. Itis also I'-invariant and so defines an element sy of wo(ﬁ'r).

Definition Ay (Y, Ya; T m, V) = <inv (%Z%‘;) ,sU>.

Note that if G is quasi-split over F' then

Al(PYHa aled 7H7 WG) = <inV(P)/H7 PyG)a ST>_1 <inV(7H7 7G)7 ST>'
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Lemma 3.4.A. If Ty — T and Ty — T are replaced by their g- and G-conjugates, where g € A(Ty.) and
G € MTs), then Ay(ve,va; Vs Te) is multiplied by

<gTa ST> <gTa ST>717

where g is the class of 0 — go(g~™t) in H(Ty.), and gz the class of o0 — go(g ') in HY(Ts.).

1 -1

Proof. v(o) is replaced by g~ 1v(o)o(g) and g(g~tv(o)o(g))g™! = v(o) - (ga(g)~1)~L. Similarly for v(s) and

the lemma follows.
(3.5) Term Ajprp, or Asg

For the construction here we fix Borel subgroups By D Ty, B D T which yield the isomorphism fH — Ty —
T — T dual to Ty — T. To the y-data {y.} are attached admissible embeddings &7 : T — LG extending
T — T and &, : 2Ty — L H extending Ty — Ty Then

§-&ry = alr,

where « is a 1-cocycle of W in 7 for the transport of the action of W on T. We transport a to T without change
in notation. Its class a in H!(Wg, JA“) is independent of the choice of By and B by (2.6.2), and of the I'-splittings
(By, T, {XH"})and (B,7,{X}) by (2.6.1). Further if (T — T, {x«}) is replaced by its g-conjugate, g € 2A(T),
then a is replaced by its image in H*(Wp, fg) under the map induced by Int g~ ! [see (2.6.4)].

Definition. No(ve,va) = (a,7).
Clearly, replacing (Ty — T', {aa}, {xa}) by an 2(T")-conjugate has no effect on Az (vw,v6)-

Lemma 3.5.A. Suppose that the x-data {xa} are replaced by {x.,}, where X', = XaCa- Then Aa(vu,va) is
multiplied by

asymin symim
H Ca(’ya)il H Ca((sa)717

asymm symm
where the product [] is over representatives a for the pairs £O of asymmetric orbits outside H and []

is over representatives « for the symmetric orbits outside H.
The elements v and 6 were defined in (3.3), and will be recalled in the proof.

Proof. According to (2.6.3) a is replaced by ac~! where c is represented by the cocycle

c(w) = [T T Cavolus(w))) .

a =1

Here the product || is over representatives « for pairs O of I-orbits of roots of T that lie outside H. The

«
elements vo (u;(w)), o; ' o were defined in (2.5). Note also Corollary 2.5.B.

()
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Suppose that O is a symmetric orbit outside H. As in (3.3) we have
T(F) — TO(F) = T*(F,).
Then v© denotes the image of y in TC(F) and v its image in T%(Fy); v* = §*6. We have also

H (W, T%) = H (Wp,TC) — H (W, T).

o~

We pull ¢ back to co in H (W, 1/“\‘9) and let c,, be the corresponding element of H'(Wp._,T%). Then

(e,7) = {c0,7®)
by the functoriality of (, ) which follows from its definition [B, Sect. 9]. Moreover

<Co, 70) = <C<¥7 7a>

because the pairing (, ) respects restriction of scalars (see [B]). To compute (c,, ) we introduce S,,, the group
obtained from G,,, by restriction of scalars from F, to F'.,, and the obvious homomorphism S, — T, surjective

on F,-valued points. By functoriality, we may replace c,, by its image in H! (W, §a) and conclude that
(Cas7*) = Cala(6Y)).
For asymmetric O we have
T(F) — T*O(F) = T“(F,)

as in (3.3), and dual
HY (W, T%) = HY(Wp, T0) — HY\(Wp, T).

again it is sufficient to compute {(c,,v*). Now T'¢ is split over F,, and from ¢, (w) = (o (w)*,w € Wg,_, we

obtain

{€a,7") = Cala(y®)).
This completes the proof of the lemma.
(3.6) Term Ary

If v € T(F) then [[(a(y) — 1), where the product is over all roots of 7" in G*, lies in F'. We set
«
Dg-(7) = | TJ(aln) = DI'2.

Definition. Ay (va,va) = D+ (Y)Du(ve) ™t
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Then A;v (vH, v¢) depends only on the stable conjugacy classe of v .
(3.7) The Factor A

We now fix the pair 7,7 and specify A(7,7 ) arbitrarily. Then we define

A(’YH?’)/G) = A(WH’WG)A(’VHﬂ’yG;WHvﬁG)v
where
A(’yHaIYG;ﬁHvﬁG)
is equal to

Ar(va,ve) An(yave) Aun(va,ve) Awv(ve,v6)
AV 7e) A ve) Aun@mve) AwvFuaVe)

“Arrn (YE G T 5 T a)-

In the case that G is quasi-split over F' we set

Ao(veva) = Ar(ve, va)Arr(va, va) A1 (ver va) A2 (Ve, va ) Arv (Ya, Ya)

so that

Alva, e T Va) = Bolve,va)/ Bo(TVa Va)-
Recall that Ar (e, va), but not Ar(vi,va)/Ar1(F g, ¥ ), depends on the choice of an F-splitting for G*.
Theorem 3.7.A. A(yy,v¢) is independent of the choice of admissible embeddings, a-data and x-data.

Proof. 1f Ty — T, Ty — T and their a-data, x-data are replaced by 2A(7T)-, 2(T)-conjugates then only A; and
A; are changed. By Lemmas 3.2.B and 3.4.A, A is unchanged. If the a-data and x-data alone are changed then
Ay, Arr, and A, are affected. Again the effects cancel, by Lemmas 3.2.C, 3.3.C, 3.3.D, and 3.5.A.

The same lemmas show that the factor Ag(vm,v¢) is independent of these choices.
Finally, if no strongly regular element in G(F') has an image in H(F') we set A = 0.
4. Some Properties of A
(4.1) Invariance
Lemma 4.LA. A(v, 76, 7578 A0V 78378 78) = A0 163 18

Proof. Itis enough to show this with A replaced by A; = Ay, that is to show that

<inv(1,2)a SU1,2> <inv(2,3)7 SU2,3> = <inv(1,3)a SU1,3>7

where

1 7

vy o = inv | LG U j =U(T", T

(4,7) ')/] 'Yj ? »J ’ ’
H> G
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1 <i<j < 3,and T is the image of Cent(v%;, H) under some admissible embedding in G*. Let
V= Tslc X ch X Tszsc/{(zilvzwilaw) P2,W € Zge}

in the notation of (3.4). There are F'-homomorphisms U; ; — V. Under the induced maps on cohomology the
image of inv( 3 is the product of the images of inv(; 5) and inv(, 3). Still following the notation of (3.4) we see
that the dual of V' is

V=T xT2 xT3/{(2,2,2): 2 € Zsc}.

C

Let sy be the image of (71,872, 873) in Wo(f/r)_ Then
<inv(1’2), SU1,2> <inv(2’3), SU2)3> = <image(inv(1,2))image(inv(gﬁg)), S\/>

which equals
(image(inv(y 3y),sv) = (inv(1 3),80, 5)

and the lemma is proved.
Corollary 4.1.B.

) Alvasveivm,v6) =1 and

(i) AV, v6) = Alve 16) AWV, Yai vE, v6) i vm, vy are images of ya, v respectively.
Lemma 4.1.C. A(vu,va) depends only on the stable conjugacy class of v in H(F') and the conjugacy class
of va in G(F).

Proof. Letv;, = g 'ycg,9 € G(F). Then

A(vasva) = Ay va) A(Ve, Yas vE VG-

On examining the terms Ay, ..., Ajy we see that

A(va, v v ve) = A(ve, VG YHS YG)

and so it remains to check that Ay (ym,4; v, va) = 1. Thereis g1 € Gs(F) such that g~ 'vgg = g7 "vag1.
Then gi0(g1)~" is a cocycle with values in Ker(Gs. — G). If b € GZ is such that hi)(yg)h~! = 7 then
hab(g1)0 (7 ) (hab(g1)) " = v and so the cocycle defining inv (;ﬂz) is ofthe form (4 (g1 (g1) 1)~ w(0) 1, v(0)).

H>YG

Then Ay (Ya, v5; Vi, Ye) coincides with (¥(g1o(g1) ~1) =1, s7)- A1 (va, Ya; i, e ). Thefirstterm in this product

is trivial since ¢(g10(g1) ') € Ker(G%. — G*); the second is trivial by (4.1.B).
Suppose v5; = h™'ygh is stably conjugate to vg. Then an admissible embedding of Cent(v};, H) in G* is
obtained by composition of an admissible embedding of Cent(yy, H) with Int h. Term-by-term examination of

Avyields A(Yy, ya; Ve, va) = 1.
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(4.2) The Local Hypothesis
We now examine the relation between factors for G and those for G*.

The endoscopic data (H, H, s, ) serve both G and G*. Suppose that strongly G-regular vy € H(F) is an
image of v¢ € G(F). Then ~y is also strongly G*-regular. By Steinberg’s Theorem [K1], v is the image of a
stable conjuacy class of elements in G*(F'). Suppose that v+ belongs to this class. Then both A(yy,~¢) and

A(vH,vc+) are defined and nonzero. Set

Agya-(vE:76,76+) = Alve, va) [ A(ve, Y6+)-

It is clear from the definitions that this assumes a quite simple form, for we may use the same auxiliary data
of admissible embeddings, a-data and x-data to define all terms in the numerator and denominator. Since

A(vH,7v¢) and A(ym, va+) are canonical only up to constants we will investigate

Agya- (Y6 ves )/ Dayar (Vs 16, Y6+

where «y}; is an image of v, and of ...

Firstwe shall defineanumber Ay (v, va+, 6, Ya+ ). Thereare unique admissible embeddings Cent(yy, H) —

Cent(yg+, G*) and Cent(v}, H) — Cent(y., G*) mapping g to yg+ and ~yj; to v5.. We set

Y / /. VH, VG
Aa (Y6, ve3 Ve ve) = (nv | | ,su
Y Yo

in the notation of (3.4). Note that inv (%) is represented by the cocycle
T
(o(h)u(o) " h™ hu(o)a(h) ),

where h, b’ € G and
Wp(va)h ™t =qae, WP(G)R T = .
Moreover u(o) € GZ, is given by ¢o (1))~ = Intu(c). Then Ay is independent of the choice of ¢, .. ., 75
within their conjugacy classes (see the proof of Lemma 4.1.C).
Lemma 4.2.A. Aq - (Va, Y6, V6+) [ Ac /e (Vi Yar Va-) = AE (Ve Va3 76 Y- )-
Proof. We choose admissible embeddings as in the definition of A\g. Since Aj, Ay, A, Ay take the same

values at (yi,va) as at (ym,ve+) only A, yields a nontrivial contribution to the left side. In view of Corollary

4.1.B this contribution is

Ay (VE, Yes Y 6) A (e e Vi Yae) = D (VE Ve Y G)



SLOn the definition of transfer factors 37

by our choice of embeddings. This equals

Mo (Y6, Y63 Y Vi)

and the lemma is proved.
The following is then immediate:

Corollary 4.2.B.
Alvmve)
AV 76+)

This asserts that the factors A satisfy the Local Hypothesis of [L2, Chap. VI]. To reconcile our notation with

A(’)/Ha ’YG)
A(7H7 'YG*)

= g (G, Y6376 V6+)
that of [L2] we note that if Ty = Cent(yy, H),T = Cent(yg+, G*) and T = Cent(vg, G) then

Ty - Tyg —-T— T

)
Ta

isa diagram D, where Ty — T is the admissible embedding taking vy to yg- and Int h o ¢ : T — T'. Similarly

we have D’
TIILI —-Tyg—-T— T

A
1Y,

The Local Hypothesis states that ¢(D, D’), the left side of Lemma 4.2.A, is given by an expression «(0(E, E'))

which we now show to coincide with A\ = A (va, Yo, Vo Yere)-

There is no harm in assuming G simply-connected. Let U = U (T, T’). Then we have
X (U) = Xi(Taa) x Xu(Tpa)-

The elements A € X, (Taq), N € X.(T.,) are defined on p. 84 of [L2]. On modifying \" as on p. 85 we may
assume (6.12) of p. 85. Then §(E, E') = A — X. On the other hand, (A, ") € X..(U) and defines an element of

H~'(X.(U)) which corresponds under Tate-Nakayama duality to the class of the cocycle
(o(hyu(o) ™ h = Ru(o)a (b))

defining inv (%) in H'(U). Since & is obtained from the endoscopic datum s [L2, p. 100] we conclude that
k(6(E, E")) coincides with \g.

(4.3) Extension to All G-Regular Elements

The definition of Ay (vu,va; 7y, V) requires that G-regular vy be strongly regular. The notion of image,
however, is well defined for an arbitrary G-regular semisimple element in H(F') [recall (1.3)] and we expect an

identity
(v, 1) =D Al 16) @ (v, £€)
VG
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for all G-regular semisimple elements vy in H(F), where A(vm,v¢) = 0 unless vy is an image of v¢.

We shall extend A by continuity. Suppose 7% € Tg(F) is G-regular and is an image of 72 € Tg/(F).
Fix an admissible embedding Ty — T of Ty in G* and an isomorphism Intxz ot : T — T over F' so that
7Yy — 4% under Ty — Tg. Suppose gi, . . ., gn are representatives for D(Tg) = To(F)\2(Te)/G(F), where
W(Te) = {g € G(F) : go(g)~" € Ta(F)}. Thenif v € Te(F) is strongly regular the elements g; 'v¢g; are
representatives for the conjugacy classes in the stable conjugacy class of 4. We may find a sequence {~yy} of
strongly G-regular elements in T (F) such that {yg } — ~%. Let v be the image of vy under Ty — Tg. Then

the limitv5, = g; "72.g: of {g; '7cgi} has 49 as image. We define

A(vg,ve) = lim A(ve,g; 'vegs),

’YH—”YH

as an examination of the terms in A shows the right side to be well-defined. Then if f, f# have A-matching

orbital integrals we have

O (v, f) ZA ’YHa’YG (7, f),

where ®(v, f) is as specified in (1.3) and
(v, 1) =D @iy, £,
7j=1

with ’Vir = hj_ly?{hj and {h;} representatives for D(T). Thus on either side a conjugacy class may contribute

several terms.
(4.4) Passage to Central Ezxtensions

The center of G is canonically embedded as a central subgroup of H. If vy is an image of v then zvg is an

image of zyg, z € Z(F). Still assuming H is © H we have:

Lemma 4.4.A. There is a character \¢ on Z(F) such that
Ay, 276) = A9 (2)A(vm,v6), 2 € Z(F),

for all yg,va.
The proof will be included in another paper. There is one case which it is useful to treat here.
Proof for z in the identity component Z° of Z:

According to the definitions,

A(zvm, 276) A (e, va) T = Do (2w, 296) Ao (va,v6) T = (a, 2),
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so that we have to show that the character z — (a, z) on Z°(F') isindependent of the choice of vy and of Ty — T,
x-data and a-data. The last three choices have no effect because they have no effect on A.

Given also J;; and Ty — T we form S = T x T/Z° Sy = Ty x Ty/Z°,G = G x G/Z° and
H = H x H/Z° where Z° is embedded in each case by z — (z, z~!). Because Z° is connected we have natural

embeddings
LS‘—>LT><LT, LSH‘%LTHXLTH, LGQLGXLG, Lﬁ‘—>LH><LH

and may form commutative diagrams

LH - tHx'H  FS—IT xIT
& leo o e
Lg-taxtg G — *'G
and so on. As a result we conclude that the element (a,a) of H*(Wp,T x T) is the image of an element a of

HY (W, S). Then

and the lemma is proved.

We now remove the assumption that H is an L-group. The data (H,™H, s, &) given, orbital integrals of
functions on G(F') will be matched not with those of functions on H(F) but with those of functions on H;(F),
where H is a central extension of H. We shall take H; attached to a central extension of GG as the arguments
are more transparent. Thus we fix a z-extension 1 — Z; — G; — G — 1 of G [K1]. This means, in particular,
that Z; is a connected central subgroup of G1,G1(F) — G(F) is surjective and the derived group of GG1 is
simply-connected. The dual sequence 1 — G — @1 — 21 — 1 allows us to regard Gasa subgroup of @1. We

may assume that o¢, (o) and oc(o) agree on G, o € T, so that ©G embeds canonically in ZG .

There is a central extension 1 — Z; — H; — H — 1 and embedding & : “H; — TG; such that

(Hy, T Hy, s, &) are endoscopic data for G (see [L1]). The parameter for a character A on Z; (F) is given by
Wr— LG — 2,

where the first arrow denotes the restriction of £; to Wr and the second is the natural extension of @1 — 21.

The matching is to be between orbital integrals of functions f on G(F'), and thus of functions on G1(F)

invariant under Z; (F), and orbital integrals of functions f#1 on H, (F) satisfying

7 (zh) = XN2)f7 (h), z€ Z,(F), he Hy(F).
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We need consider only elements v, whose image in H(F)) is strongly G-regular. Then g, is an image of
ve € G(F) ifitisanimage of some ¢, in the preimage of v in G1 (F). The element ¢, is uniquely determined.

We say that f and f* have A-matching orbital integrals if, as usual,
q)St(’yIﬁ ) le) = Z A(’yHl ) P)/G)(I)(’VGa f)
G

for all such ~yy, . Because of the transformation rule for f#1 we must have
A(Z'YHU'YG) :)‘(Z)A('YHU'YG)a S ZI(F)
The factor A(vx, ,va, ) has been defined. We set

A(P)/HU’)/G) = A(7H177G1)

if v, is an image of v, and ¢ is the image of v, under G (F') — G(F'), or A(vu,,vg) = 0if vy, is notan
image of vq.
Recall that
A(zvmy, 2ya,) = M(2)A(ye,ve,), 2z € Z1(F),
where )\ is the character on the center of G (F') attached to a [see the beginning of the proof of (4.4.A)]. To

conclude that

A(Z’YHl ) ’YG) = /\(Z)A(’YH1 ’ 'YG)

we have only to show that \; coincides with A on Z; (F'). But a is represented by the cocycle a defined by
&1 -y, (0) = a(w)ér, (w), we Wp,

where Ty, = Cent(yy,, H1) and Ty, — T3 is an admissible embedding. To compute A; on Z; (F') we project a
onto Zy, obtaining a; : Wy — Z;. Since, by construction, §ry, (W) € H x wand &7, (w) € G x w,w € Wp, we
have that W % LGy — © Z; coincides with w — a1 (w) x w and then A; = A on Z;(F) by definition.

The group H; is determined up to isomorphism by G; and (H, H, s, £), but &1 may be replaced by b ® &;
where b is a 1-cocycle of Wr in the center of ﬁl. This cocycle determines a character A\ on H;(F') and A, \; are
replaced by AgA, AgA1.

Finally, we observe that it is only the equivalence class of (H, H, s, £) that matters for the definition of A.

The choice of twist ¢ : G — G* does affect A, but 1) may be replaced by Int z o ¢,z € G*, without effect.

5. Regular Unipotent Analysis
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(5.1) Regular Unipotent Elements (Review)

Recall that the regular unipotent elements of G(F) are characterized by the property that each lies in exactly one

Borel subgroup of G. They form a single conjugacy class [St].

Suppose B is a Borel subgroup of G containing the maximal torus T'. Denote by IV the unipotent radical of
B. Forasimple root o of T'in B let N, be the 1-parameter subgroup of IV attached to oo and N be the subgroup
of NV generated by the 1-parameter subgroups for the remaining roots of 7' in B, so that N is the direct product

Ny - N Set N’ = N N©. Given root vectors { X, } we define z,(u) for uin N by
u = exp Zq (1) X o (mod NY).

Then w is regular if and only if z,(u) is nonzero for all simple a. See [St, pp. 110-112] for this and the next
paragraph.

Fix ug regular in N. Then every regular element in N may be written in the form

1

u=t""uupt,

where v’ € N’ is uniquely determined and ¢ € T is determined modulo the center Z of G. Conversely, every

element of this form is regular in N. Note that z, (¢t~ 1u'ugt) = a(t) " Laza (uo).

Let u be any regular unipotent element of GG, B,, be the Borel subgroup containing w, and 7', be a maximal
torus in B,,. For each simple root « of T}, in B,, define a root vector X} by requiring exp X ¥ to be the projection

of u onto N,,. Write spl(u) for the splitting (B,,, Tw,, { X }) of G. Every splitting of G is obtained in this manner.
The following are equivalent:
(i) G isquasi-split over F.
(i) G has an F-splitting.
(iii) There are regular unipotent elements in G(F).

For (ii) = (ii) we observe that if u € G(F') then spl(u) is an F-splitting as long as T, is chosen over F'. Note also
that then spl(u) is determined up to N (F')-conjugacy by u. For (i) = (iii), the existence of a Borel subgroup over
F implies that the conjugacy class of regular unipotent elements is defined over F'. This class then contains an
F-rational point [K1].

From now on G will be quasi-split over F. The regular unipotent elements in G(F) form a single stable
conjugacy class by definition [K1]. Suppose T and B = T'N are defined over F'. Then each G(F')-conjugacy
class of regular unipotent elements in G(F') meets N(F). If ug € N(F) is regular then the regular element

u =t u'ugt in N is F-rational if and only if v’ € N'(F)and to(t~!) € Z(F),o € T.
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Lemma 5.1.A. The correspondence u — spl(u) induces a bijection between the G(F)-conjugacy classes of

reqular unipotent elements in G(F) and the G(F)-conjugacy classes of F-splittings of G.

Proof. As above, if u € B(F') then spl(u) is determined up to N (F)-conjugacy, where N is the unipotent radical
of B. On the other hand, if spl = (B, T, {X,}) is an F-splitting then we can find « € N such that spl(u) = spl.
For o € I we must have spl(ou) = spl as well, which implies that u~*o(u) lies in N'. Because H*(T', N'(F)) is
trivial we can find v’ € N’ such that uu’ € N(F). Then spl = spl(uu’). Itis clear now that u — splu induces a
surjective map from G (F')-conjugacy classes to G(F)-conjugacy classes. For injectively it is enough to show that
if B = TN is over F and spl(u1) = spl(uz), where u; and ug lie in N(F'), then u; and ug are N(F')-conjugate.
But splu; = splusy implies that u; = ¢t~ ujuot and uy = t~tubuet with t € T and v}, u, € N’, for some fixed
regular ug € N(F). Because u1,us € N(F)we have to(t~1) € Z,0 € T, and v}, uy € N’(F). Thus it is enough

to show that u}ug and ubug are conjugate under N (F'). This is so because N'(F')uy is the N (F')-conjugacy class

of ug [St, p. 112] and HY(TI", N(F)) = 1. The proof is then complete.

We now define a transfer factor A (u) for w regular unipotentin G(F'). Fixan F-splittingspl = (B, T, { X, })

of GG. There exists h € G, such that

spl(u)" = spl,

where h acts in the obvious manner. Then ho(h)~! lies in the center Z,. of Gy.,0 € T. The class inv(u) of
o — ho(h)~tin HY(T, Zs.) is well-defined.

To pair inv(u) with the endoscopic datum s we choose any maximal torus 7" over F' in G which contains
regular elements with images in H(F). Inv(u) has an image invz(u) under H'(Z.) — H'(Ty.). As earlier, (3.1),

s determines an element st of wo(@i). We set
(inv(u), sy = (invy(u),sr).

The argument used in the proof of Lemma 3.2.A shows that (inv(u), s) is independent of the choice for 7. In
addition if we define A(Fy,7a) and Ag(F 4, ¥¢) as in (3.7), but use — for reasons that will appear later — the
opposite splitting spl,, = (Boo, T, {X_,}), where B,. N B = T and the root vectors X_,, are fixed as in (2.1),

then
Alw) — AW_H; V_G)
Ao(Vu:Va)
is independent of the choice of spl. Finally, A(u) depends only on the G(F')-conjugacy class of v in G(F).

(inv(u), s)

(5.2) Stars and the Variety X

This will be a review of some material from [L3]. We continue with G quasi-split over F' and (B, T, {X,}) an

F-splitting of G.
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Let T" be a maximal torus over F' in G. We fix some Borel subgroup B containing T and in the usual
manner transport the roots, Weyl group, Weyl chambers and Galois action for 7' to T without change in notation.
We denote by Q) the Weyl group, by 20 the set of Weyl chambers and by W the chamber attached to By or B. If
w € Q we write W (w) for the chamber w ='W, and B for the Borel subgroup w~ ' Brw, where w € G represents
w.

Let S be the variety of stars attached to T" [L3]. The choice of By affects .S, but a different choice yields an
F-isomorphic variety. Recall that the elements of S are functions from 2J to B, the variety of Borel subgroups of

G. A typical element will be denoted (B(W)). The F-structure is defined by
o(B(W)) = (o(Blog' (W), oeT,

and G acts on the right:

(BW))? = (97" B(W)g).
If W, W' are adjacent chambers, so that W = W (w) and W’ = W (w(a)w) for some w € §2 and simple root « of
T in B then by definition (B(W), B(W")) lies in the closure of the orbit of (B, B&(*) in B2,

The standard star sq is given by B(W (w)) = B%,w € Q. Astar is regularif it lies in the G-orbit of sy. The
F-rational regular stars form the orbit of so under 2(7T) = {g € G(F) : go(g~') € T}.

Let B, be opposite to B relative to T. Then S(B) consists of all (B(W)) for which each B(W) is
opposite to B, and S(B.., B) consists of those stars for which we also have B(W,.) = B. If B, = TN, then
the morphism

(n, (B(W))) — (B(W))"
from N x S(Bo, B) to S(By) allows us to identify these two varieties.

If W is a chamber and 8 a W-simple root the coordinate function z(W, ), or z(w, «), is defined on
S(Bso, B). Here w € 2 and B-simple « are given by W = W(w) and w3 = «. The chamber W’ = W (w(a)w) is

adjacent to W and there is a unique h € N, such that
hB(W)h™! =B,

and then

hB(W"h™! = exp(—2X_o)BexpzX_g,

where z = z(W, 3) = z(w, ) lies in F. We have, for F-rational (B(W)),

(5.2.1) o(z2(w, @) = z(owor!, oa), oel.
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Ifg e Gand s = (B(W)) isastar wewrite g € sifg € VQ/ B(W). Let X consist of all pairs (g, s), where g
is regular semisimple, s is regular and ¢ € s, and let X be the closure of X° in G x S. Both X° and X are defined
over F, and X is contained in {(g,s) : g € s}. Thus¢ : (g, (B(W))) — (g, B(W4)) is a well-defined morphism
from X to the Springer-Grothendieck variety M = {(g, B) : g € B}. Letm)s : M — G be the projection onto the
first factor and ¢5; : M — T be defined by ¢,/(g, B) = v if h~'gh = v mod N where B" = B and Nr is the
unipotent radical of Br. Both m,; and ¢y, are smooth and 7y, is proper. Set m = mpy o £ and ¢ = ¢ 0 &, Then

both 7 and ¢ are defined over F', and ¢ is smooth and proper.

Set M0 = 73/ (Gregss). Then & : X0 — MO is an isomorphism. If v € T is regular then ¢~!(v) is
the G-orbit of (v, sp) and so may be identified with the conjugacy class of v in G. If also ~ is F-rational then

¢~ 1(v)(F) is identified with the stable conjugacy class of v in G(F).
(5.3) Regular Unipotent Elements and X

Suppose u € G is regular unipotent and contained in the Borel subgroup B,,. Then we define the star s,, by

B(W) = B,,W € 20,and set z,, = (u, sy,).
Lemma 5.3.A.
(i) xy lies in X.
(i) If u e G(F) thenx, € X(F).
(iii) &€ : X — M is invertible at x,,.
Proof. A pointin S(B,) may be written s", where s € S(B.,,B) and h € N,. Suppose g € s". Then we write

g = h™'tnh, where t € T,n € N. We calculate the z-coordinates of s in terms of ¢, n as follows.

Let s = (B(W)). If ais B-simple then z = z(W, «) is the solution to
B(w(a)W,) = exp(—2X_o)Bexp zX_,.

On the other hand, write ¢n as

/

tn = texp(xq(n)Xa)n
where n’ € N. The condition that
texp(za(n)Xa)n' € B(w(a)Wy)
is the requirement in SL(2) that

e LI ] =T

be upper triangular, where z = z,(n), 2 = 2(W,, «) and a(t) = o
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If s is regular then z # 0 and
1z =a,(n)z(Wi,a)=1—a"2=1—at)"".

This equation continues to hold on X. Observe also that a; is then ¢! and z; is a?z. More generally, suppose
W = W(w) and wf = «. Then:
Lemma 5.3.B. If n is reqular then

1-pH)~"
x(W,B)

where x(W, 3) is a rational function of tn which is defined and equal to x,(n) at t = 1.

z(W,8) =

Proof. Consider now z = z(w(a1) W4, w(a1)ag), where ag, oy are B-simple. Let z; be the coordinate z(W., ay)
of s, so that

exp 21 X o, B(w(a1)Wy)exp(—21X_o,) =B

and

exp 21 X o, Bw(a1)w(ag)Wy) exp(—21X_q,) = exp(—2X_o,)BexpzX_g,.

Thus z is the coordinate z(W_., ag) for the star
Bi(W) =expz1X_o, Blw(an)W)exp(—21X_q,), W €20,
which is regular if s is. Replace tn by
ting = expz1 X_o tnexp(—z1X_a,)-

Then if 24, (n1) # 0 we get
(w(0n) Wi (o o) =20
z\wlag ,wlayp)og) ———————-

* Layg (nl)
The earlier SL(2) calculation shows that ¢t = w(aq)(¢) and also that if ag = oy then x4,(n1) = ao(t)za, (N).
Otherwise x,(n1) is @ more complicated function of ¢ and a but it is equal to z,,(n) at t = 1, for then z; = 0.
Thus the lemmais verified in the case of z(w(a1) W4, w(a1)ap). We repeat this procedure to obtain the lemmaiin
general.

From this lemma we deduce immediately Lemma5.3.A. For (h~'tnh, s) € X thestar s isarational function

of t,n and h that is defined in a neighborhood of ¢t = 1,n = u, where it takes the value s,,.
Corollary 5.3.C. ¢ : X — T is smooth at x,.

(5.4) Orbital Integrals as Fiber Integrals
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From now on we assume F local and view > A(vm,v¢)®(va, f), f € CX(G(F)), as a fiber integral on X (F).
G
Fix for once and for all an admissible embedding Ty — T of Ty in G, which is quasi-split over F', along with

the Borel subgroup B containing T'. If v is the image of v under Ty — T then

v =Y Ay ve)d(va f)

is a function on the regular elements of T'(F). Its value at v is an integral over the fiber ¢~1(y)(F) in X (F) as

follows.

The forms wg,wr on G, T and measures |wg|, |wr| have been specified in (1.4). To wg there is attached
a G-invariant form wy, of highest degree on M nowhere vanishing on MY and hence, after transport by &, a
G-invariant form wx of highest degree on X nowhere vanishing on X° [L3, Lemma 2.8]. We embed the variety
U,eg Of regular unipotent elements in G’ as an open subvariety of ¢~ (1) under u — z,. More generally if z € Z
we embed zU,¢, as an open subvariety of ¢~ 1(z). Then ¢ is smooth at the points in 2Ureg and we see easily that
wx is nonvanishing around zl,es. If v € T'(F) is regular then the quotient of wx by ¢*(wr) defines a G-invariant
form w.,, of highest degree along ¢~ (7). For z € Z we similarly obtain a G-invariant form w, of highest degree
along zles. For v and z F-rational the measures |w,| on ¢~ (7)(F) and |w.| on Z,.;(F) are specified in the
manner of (1.4). Recalling the definition of wr in (1.4) we note that |w,| is independent of T'. On the other hand,

by [L3, Lemma 2.12],
jwrl =TT = a7 - lwal/lwrl,

[e%

where the product is over roots « of T in Br. We replace |w.,| by
jwi| = T le() V2w,
(e}

to obtain

Wil = De()|wal/|wr|.

Then for vy strongly G-regular we may write

DH(’)/H) Z A(VH;VG)(I)(’VGv f)

G
as
Az) f (m(x))|w],
¢ H(V)(F)

where

A(x) = Ay, 7(@)) Dir (var) Do (7).
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With suitable conventions there is a similar formula in the case v is not strongly regular, but we shall not need

this fact.

Since G is quasi-split over F' we have defined A(vg, va) as

A(VH) VG)
A b b
o) 0 6)

where 7, 7 are fixed and

Ao = A1AIA1 A Ay
But Ajv(’yH,’)/(;) = Dc;(’y)DH(’yH)fl and A[(’yH,’yg),AH(’yH,’yg),Ag(’yH,’yg) depend only on v. Thus
Ai(z) = Ay (vm, m(x)) alone varies along the fiber ¢ =1 (v)(F).

Write z as (Y, s) and assume s € S(B). To specify Ay (z), we choose g € G such that
(e, s) = (7, 80)7,
where s is the standard star. Then inv(yz,v¢) is the class of the cocycle o — go(g)~! in H(T) and
Ai(z) = (inv(vm, v6) ™' sr)

[see (3.4)]. More precisely, we should pass to Gy to define inv(yx, ). We do so without change in notation.

Proposition 5.2 of [L3] describes the inverse cocycle o(g)g~! in terms of coordinates. We recall this next.

The cocycle A(T") from (2.3) will be computed relative to a-data {a.} and the splitting opposite to
P
(B,T,{X,}). Also p will denote the gauge on the roots of T in G attached to Bz, and [ will indicate a

1,0
product over roots « such that p(«) = 1 and p(a;la) = —1. Suppose w(aq) . ..w(a,) is areduced expression for
wr (o), where op = wr (o) x 0. Setwy = land wy = w(a1)...w(ag), L £k <7 Ifp(a) = land p(oy'a) = —1

then a = wi_1(ay), some 1 < k < r, and we may set
z(0,a) = 2(—wp1 W4, —a).
Note that —wy_ 1 W, = wi_1w_W, and
—Q = Wp—1W-_0f,

where w_ € 2 maps W, to —W, and a, = —w_ay.

Lemma 5.4.A. inv(yy,vg) ! is represented by the cocycle

\%

oo ()
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Proof. This formula has just to be reconciled with that of [L3, Proposition 5.2]. We have used h, where (B, T)" =
(B, T), to identify roots of 7" with roots of T. Suppose that (B7,T)" = (B, T) and ws(0) = w_wr(o)w_.
Then

weo(0) =w(@y) .. .w(@,)
is a reduced expression. We define n(w(0)) and n(ws (o)1) as in (2.1), but relative to the splitting opposite to

(B, T,{X,}). Thus

By Lemma 2.1.A
n(weo(0) ™) = nwe(o)) " [T (=1,

where []__ indicates a product over roots « such that both a and —ws(c) '« are positive for B,,. Note that

A\ P Vv
ha(I](—1)* Yhit = T](=1)*". Applying (5.2.1) we rewrite the formula of [L3] as

o(h)n(ws(@) (=1 Ayt

times

h1 <H z(o, wk1(ak))w(al)"'w(ak_l)az> hit.
k=1

(To make the comparison with [L3] easier we note that h; < hw"!, that n(ws (o)) < Wq, . . Wa,, and that all
Uq, are 1. We recall from (5.2.1) that

o(z(w, ) = z(owoy!, oa).)

since A(T) : & — hi(T].. a2 )n(weo (o)) (hT1), we obtain

P P P
MO Les” - TI-0 T 20007,
1,0 1,0 1,0

as desired, because Int h; takes the root @ of T to the root —« of T'.

1—a(v)

o) where

Lemma 5.4.B. If ¢ = nl_ltnnl where n € N is reqular and n1 € Ny then z(o,a) =
z(o,a) = 5, (n) as v — 1.
Proof. ¢(va,s) = ~ implies that h~'vh = t and we have only to apply Lemma 5.3.B to z(—wi_1 Wy,
—a).

The constructions and results of (5.3) and (5.4) are described for SL(2) in [L-S].
(5.5) A Limit Formula

We assume that H; is a central extension of H as constructed in (4.4). The character \* of Lemma 4.4.A defines

characters A on Z;(F), the kernel of H,(F) — H(F), and X\ on Z&(F), the preimage of the center Z(F) of
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G(F) under H{(F) — H(F). Recall that Z(F) is canonically embedded in H(F). The projection of Z(F) onto

Z(F) will be written as z; — z, and 1 will be an element of H; (F') with strongly G-regular image vy in H(F).
Theorem 5.5.A. V}1311 Dm,(m) Z Alv,va)®(va, f)

is equal to

“(=1) ZA (zu, f), [ e CE(G(F)),

where Y indicates summation over representatives u for the G(F)-conjugacy classes of regular unipotent

B(zu, ) = / flwsl,

the integral being taken over the conjugacy class of zu, an open subset of zUreg(F').

elements in G(F), and

Corollary 5.5.B. If f € C°(G(F)) and f' € C°(H1(F),\) have A-matching orbital integrals then
ZCI)(zlul, )\G (#1) ZA (zu, f).

Proof of the Theorem. Because A(z171,27g) = A% (21)A(y1,7¢) we reduce immediately to the case z; = 1.
Replacing G by G; we may assume that H; = H. By known properties of the asymptotic behavior of orbital
integrals it suffices to consider a function f supported in a small neighborhood of a regular unipotent elementin
G(F).

Suppose that v is strongly regular, and let z = (g, s) lie in ¢~ 1(v)(F), with z in the coordinate patch
S(Bs). We write x as (tn, s1)™, where n; € By, 51 € S(Bo,B) and t = h~!vh, and assume n € N is regular.
Then all that has to be shown is that as v — 1 we have A(xz) — A(n). From (5.4) we have

Alw) = ATy, 7a)

= - A1(vH,va) - Arr(vesva) - Ar(ve, ve) - A (ve, va)-
AoG 7o) 1( ) ( ) - A ) - Aa( )

Both Ao (7, 7)) and A (v, y¢) are to be computed relative to the same F-splitting, that oppositeto (B, T, { X }).

Nothing else depends on a splitting.

The quotient A(F i, 7<) /Do (T i, V) is a constant which also appears in A(n). By definition

Ar(va,va) = (MT),s7).

Also
1
Arr(ve,ve) HXa (7) ;

where the product is over representatives « for the I'-orbits of roots of T" outside H. If O is an asymmetric orbit

then the contribution for +O is a character (which we could take to be trivial) evaluated at v (Lemma 3.3.A).
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Thus we need take into account only the symmetric orbits. It remains to consider Ay (v, va), for As(va,va) is

a character evaluated at v and so has limit 1. But

Ay (va,v6) = (v (v, v6) ' sr)

and inv(yg,vc) ! is represented by the cocycle

of Lemma 5.4.A. On cancellation with A; we may replace inv(ym,vg) ! by the class of the cocycle

f1() M)

1,0 1,0

(see Lemma 5.4.B). But around 1, a(’y)l/2 is well defined and continuous. Thus we rewrite the cocycle as

H (s iaawm)aV H (jgifg)av

since a, /(a(7)/% —a(y)~1/2?) liesin F}, the first product is a cocycle (Lemma 2.2.B). The pairing of this cocycle

with s yields

D (G aos)

where the product is taken over representatives « for the symmetric I'-orbits of roots outside H (Lemma 3.2.D).

The product of this term with the contribution of the symmetric orbits to Ay is then:

HX“( 1/2) 1/2) HX N,

and so approaches 1 as v — 1. We conclude that

. A(7H77G)
lim A VTH VG i (C (), s7),
lim (z) = RoTT0) 7gﬂl< (7),s7)

where C(vy) is represented by the cocycle

P
1/2 — 2z (n) (Lemma5.4.B). Thus it remains to show that [] zz, (n)®" represents the class

1,0

But lim1 x(o, a)a(y)”
'Y—?
invy(n) defined in (5.1).
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We shall pass to G as necessary, without change in notation. Choose t € T such that
a(t) = za(n)

for all simple roots . Then inv(n) is the class of o — to(t)~! in H(Z). Itsimage invr(n) in H*(T) is, after

transport to T, the class of this same cocycle but now for the op-action on T.

Sett; = w_(t1), and note that

for all simple . We have also that
ot )t =w_ (ot ™ Hw_(t) =w_(ta(t ™)) = ta(t™1)
since this last element is central. Thus it is enough to show that:

p
H Ta, (n)o‘v is cohomologous to o(t1)t; .
1,0

P n
But [J za,(n)* = [] &, (n)*—1(*). For this, recall that wy(0) = w(a1)...w(,) is a reduced expression
1,0

k=1
and wp = 1w = w(a1)...w(ag),l < k < r. Hence

Lo = [T ot @0 = tw(ar) .. w(an)(t") = tiwn (0) (7).
1o k=1

Since oty = t1(mod Z), this equals
a(ti)wr(o)(oty ) = o(t)or(t; ') = o(t)t; - tior(t ),

and we are done.
6. Global consequences
(6.1) Outline

Here the results take a simple form. To explain them we continue the example of SL(2) from (1.1). Now F'is a

number field with adele ring A. The global matching concerns

(611) ZAA(P)/HaIYG)(I)A(PyGaf)v

el

where vy # £1 liesin H(F') and is an adelic image of v¢ € G(A), PA (va, f) is the integral of a function f on
G(A) along the G(A)-conjugacy class of ¢, and the sum is over representatives ¢ for G(A)-conjugacy classes.

The factor Ay is prescribed as follows.
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To say that v is an adelic image of v we mean, in this example, that v is everywhere locally stably
conjugate to the image y of -y under some admissible embedding I/ — T of H in G defined over F'. If vz , is the
component of ¢ at the place v then the elementinv(yg, v, ) of H' (I, T(E,)) is defined as in (I111) of (1.1). For
almost all v it is trivial and the image inv(yg) of Y inv(vm, e, ) in the 2-element group H* (T, T(E)\T(Ag)) is
independent of the choice of . Moreover, inv(y;) is trivial if and only if the G(A)-conjugacy class of o meets
G(F). Tate-Nakayama duality allows us to pair inv(~g) with the image s7 in 7T of the endoscopic datum s, that

is, with the nontrivial element of TT. Then we define

Ap(vm,ve) = (inv(ve), sT)-

Thus Ay (va,va) = 1 if the G(A)-conjugacy class of y¢ meets G(F') and Aa (v, va) = —1 otherwise.

We use unnormalized Tamagawa measures to specify orbital integrals. The function f is to be of the form
1L, fv where f,, € C°(G(F,)) for all v, and for almost all v the function f, is to be the characteristic function of
K, = G(0,) divided by the measure of K,. Then ®4 (vq, f) = [, ®(va v, fo). The local factor A(ve,va,v)

was defined in (1.1). Inspection of the terms shows that

(6.1.2) A(vm,ve,v) =1 foralmostall v
and
(6.1.3) II 20w 76.0) = Aa(vr,76)

provided the fixed elements 7,7 are F-rational and at each place v the otherwise arbitrary A(Fy,7s) is

chosen so that (6.1.2) and (6.1.3) are satisfied.

Then
> Aa(vu,6)®a(ve, f ZH Ay, ¥6.0)(V6,0, fo)

G

= HU Z A(,YH7 'YGW)(I)('YG,U; fv)

VG,v

by [L2, Lemma 8.3]. This equals [], f (vu) where f[ is the smooth extension of
v = Y Ay, v6.0) (6w, fo)
VG ,v
to H(F,) (see Lemma 1.1.A). For almost all v, ff is the characteristic function of the maximal compact subgroup
of H(F,) divided by its measure.
We set f7 =TT, fH to conclude that

fH(P)/H) = Z AA(VH?’YG)@A(’VC% f)

VG
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This is the global matching of orbital integrals for our example (see [L-L, p. 756]).

In general we shall define an adelic factor Ay, and verify (6.1.2) and the product formula (6.1.3) for the
local factors of Sect. 3. Then suppose that f =[], fu. = IL fH are as usual, and that strongly G-regular

v € H(F)isan adelicimage of 7¢ € G(A). Because of (6.1.2) and [L2, Lemma 8.3] we have for almost all v that

o (vg, 1) = Ay 16.0)2(Vaw, o),

VG ,v

each side having non-zero contribution from only one conjugacy class. Thus if f, and f2 have A-matching

orbital integrals for all v we conclude that

(614) @Zt(’yHafH) :ZAA(’YH;’YG)(I)A(WGaf);

VG

where the left side is, by definition, the sum of the integrals of f along the H (A )-conjugacy classes of elements
everywhere locally stably conjugate to vy . With a little care this extends to elements g which are G-regular but

not strongly G-regular (recall (4.3) for the local analogue).

Finally we shall observe that the Global Hypothesis of [L2] is satisfied. Thus, assuming the Hasse Principle
for G, the factors of Sect. 3 will be correct for stabilization of the Arthur-Selberg Trace Formula (see [L2, Chap.

VIII]).

(6.2) Notation

If v is a place of F' then we fix an extension v of v to F and for L. C F denote by L, the completion of L so
determined. There will be no harm in working with some suitably large finite Galois extension L ¢ F of F. Thus
I'= Gal(L/F)andT, = Gal(L,/F,). Set W = W ,pand W,, = W ,p, . Then we fix W, — W such that

l—- LY—-W,—-T,—1

! ! !
1—- Cr— W— I'—>1

is commutative.

Global endoscopic data (H, H, s, &) yield data (H, H,, &) for G as group over F,, such that each of

1—>ﬁ—>HU—>WU—>1

1 ! !
1-H— H— W-—1

and
H, S5 L@,
! l
H-S Lo

is commutative, where “G,, is the semidirect product G W, with W, acting through W,, — W -2, AutG.
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Again H need not be an L-group and we introduce central extensions of H satisfying global analogues of
the conditions of (4.4) (see [L1, K1]). In the following discussion we assume that H itself satisfies these conditions

and identify H with £ H. Passage to the general case is then routine, following (4.4) for the local case.

Let K = [[, K., K* =[], K, be compact open subgroups of G(Ay), G*(Ay). We fix a finite set 1} of
places such that for v ¢ V4 the groups G, G* are unramified at v and K, K are hyperspecial maximal compact
subgroups of G(F,), G*(F,). Outside V4, is defined over F,, up to composition with an inner automorphism
which does not affect transfer factors. Choose g, € G(ﬁ,) such that ¢, = Int g,, 0 ¢ is defined over F}, and takes

K, to K. Then v, may be used to identify G(F,) with G*(F,).
(6.3) Adelic Images and Transfer Factors
Suppose vy € H(F') is G-regular and lies in the maximal torus Ty of H.

At each place v we shall allow only admissible embeddings of Ty in G* which are defined over F'. These
exist, by Steinberg’s Theorem (see [K1]). Then we say that v is an adelic image of v¢ € G(A) if, for every v, vy
is an image of the component ~¢ ,, of y¢ in G(F,). Thus if T maps to T' and vy to v € T(F) under some
admissible embedding over F' then we require that for each v there exists ,, € G*(L,,) such that Int x,, o 1) maps

the maximal torus in T’ containing v¢,, to T' over F,, and carries g, t0 .

Suppose g, 7 are strongly G-regular elements of H (F') and are adelic images of v¢, 7o € G(A). For an

L splitting T the element
YH, VG,

Ly = inv <T>
'YHv'YG,U

of H(I',,,U(L,)) was defined in (3.4).
Lemma 6.3.A. u, = 1 for almost all v.

Proof. Take an L splitting T'. For almostall v ¢ V4 : (i) L is unramified at v; (ii) v, va,» lie in K,,; and (iii) for each
root a of T in G*, a(y) is a unit in the ring of integers of L,,. That vy is an image of v¢ , means, for v ¢ 4, that
va,» and «y are stably conjugate. If (i), (ii), and (iii) are satisfied v¢,,, and  are conjugate under K, ([L2, Lemma
8.3]). If K, is the stabilizer of the hyperspecial point x of the Bruhat-Tits building of G(F,,) we denote by K. the
stabilizer of z in Gs.(F,) and by K., 1, the stabilizer in Gs.(L,,). By [K3, (3.3.4)], 7¢,», and ~ are conjugate under
K 1. Since Hl(F@, Tsc N Ky,1,) = 1 for almost all v and ~¢,,, v are strongly regular we conclude that v¢ ,, ¥

are conjugate under K. for almost all v. Then the class inv(yg, vG,o) in H Ty, Tse(Ly)) is trivial.

We argue similarly for 7, and 7, to obtain for almost all v ¢ 1} that

=1

?

1y = iny ('YH,’YG,U) _ inv(¥g, 76 .0)
v T -

WHaﬁG,'u inV(’YHa’yG,v)

and the lemma is proved.
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Let i be the image of ¥, in H*(T', U(L)\U(AL)) under
Z HY(T,, U(Ly)) — HY(T, U(L)\U(AL))

givenby 1 — U(L) — U(AL) — U(L)\U(AL) — 1 and the isomorphism ¥, H'(T",,,U(L,)) — H*(T,U(AL)).
The endoscopic datum s determines sy, € Wo(ﬁr“) as in (3.4). By its definition s also determines s € wo(ffd)
and similarly s= [see (1.2), (3.1)]. As in (3.4) we may define sy € wo(ﬁr) which depends only on the choice of
embeddings Ty — T, Ty — T. Global Tate-Nakayama duality allows us to pair ;. with s;; and the local-global

relationship for the pairing yields:

(6'3'1) </-%SU> = H<NU7SU,U>-

v

There is another way to define u. Strongly G-regular vy is an adelic image of v € G(A) if and only if
there exists h € G, (A ) such that
hp(ya)h ™t =~
[see the proof of (6.3.A)]. We proceed as in the local case (3.4). Recall that vo(¢)™! = Intu(o),u(o)
€ G:.(L), and then v(c) = hu(o)a(h)~? lies in Ty, with v = Ju taking values in Ts.(L). Thus v(c) de-
fines an element ur of HY(I', Ty.(L)\Ts.(Az)). By global Tate-Nakayama duality we may pair ur with sr.

Further, (ur,s) is the independent of the choice of admissible embedding Tz — T over F', and clearly

(6'3'2) <MaSU> = <MT7 ST>/<NT78T>'

It will be more convenient to write (ur, st) as d(vu, va)-
Lemma 6.3.B.
(i) dVi,ve) = d(ve,va) if Y s stably conjugate to yu in H(F).
(i) d(virs %) = d(vir,76) if i is GA)-conjugate to v
(iii) d(ver.va) = d(T . Fe) if Yi, T are adelic images of va, 7¢ € G(F).
Proof. (i) is immediate. For (ii) we use (6.3.2) and then (6.3.1) to reduce to the proof of Lemma 4.1.C for the

local case. For (iii), p is trivial if v¢,%o € G(F) for then we find h,h € GZ (L) such that hy)(yg)h~! =
V(o) = 7. (6.3.2) now yields the result.

Fix strongly G-regular 7 € H(F) and 7 € G(F) such that 7 is an adelic image of 7. We assume that

such a pair 7, 74 exists; otherwise all the following factors are to be zero.

Definition. For all strongly G-regular vy € H(F),

AA(7H7 PyG) = d(iHaﬁG)/d(’va PyG)
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if vz is an adelic image of ¢ € G(A) and Ay (i, v¢) = 0 otherwise.

By Lemma 6.4.B, Ay (v, v¢) is independent of: (i) the pair 7, ¥ (ii) vm within its stable conjugacy

class; (iii) v within its G(A)-conjugacy class. Further,

Ar(vEve) =1

if vz is an adelic image of v and the G(A)-conjugacy class of v meets G(F).
(6.4) Product Formulas

To specify the local factors of (3.7) we use a pair 7,7 of F-rational elements, as for the adelic factor. At
almost all places v we set A™ (F,,,75,) = 1. At the remaining places A" (7,;,7) is arbitrary except for the

requirement that

HA(D)WHﬁG) =1
Then as in (3.7), but with the superscript (v) inserted, we set
AW (v, y6.0) = A(U)(7H77G,U)A(U) (Y&, Yewi Vi V)
for all strongly G-regular vz in H(F). The relative factor A®™) (vz,v¢.0: 71, V) is the product of

A (ym,v6.0) ' A (vi,v6.0) . A (vi,v6.0)
AYFude)  AYAwT)  AY FrAe)

and
A(f@ ('YH7 'YG,v)
AT 7a)
The various terms are defined using any admissible embeddings over F,,, and a-data, x-data for GG as group over

AV (YHS VG0 T HS V)

F,. We shall use embeddings over F' and global a- and y-data [see (2.2), (2.5)] in order to obtain product formulas

for the individual terms as well as for A.

Theorem 6.4.A. (i) For almost all v each ofA(I”) (i, Yew), A(;}) (i, Yaw), A(QU) (i, va ) and Ary (Ve Ya )

equals 1.
(I, A(Iv) (ve,vaw) = 1, and simalarly for A(;}), Aév), and A(;{/)

In the last section we showed that
Agv) ('YH; ’YG,U; 7H} VG) =1
for almost all v (Lemma 6.3.A) and that

[TAY (. v6: T, 76) = Aa (v ve)

v
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[(6.3.1) and (6.3.2)].
Corollary 6.4.B.

() Aw)(va,va,0) = 1 for almost all v and

(ii) [T, A (var,v6.0) = Aa (v, 76)-
This product formula contains the Global Hypothesis of [L2, p. 149] because Ap (v, va) is the term
k(e(D)) of [L2]. To see this we translate our terminology into that of diagrams, as at the end of (4.2). The formula
for ¢(D) on p. 137 of [L2] determines an element of H~1(T", X..(U)) which under global Tate-Nakayama duality

coincides with our y of (6.3). Then k(e(D)) is (u, sy) which is the same as Aa (vi, va).-

Proof of Theorem. (Ar) By definition,

A(Iv) ('YH7 'YG,U) = </\v (Tsc)a ST,v>

[see (3.2)]. Recall from (2.3.5) that the global invariant \(Ty.) € H*(I',T(L)) is defined and that \,(T%.) is the
image of \(Ty.) under H*(I', T(L)) — H*(T,,T(L,)). Thus for almost all v we have \,(T..) = 1 and then
A" (vy,va.0) = 1. Further, the image of S, Ay (Ts)in HY(T', Tae(L)\Tic(A L)) is trivial and so

(v) _ _ _
II A5 (w60 =[], Avrsr.0) = (Image £uA,,s7) = 1.

(Ayr) In (2.6.5) we attached local x-data {X(”)} to global data {x, }. The character XS’) is defined on F, ,,

the fixed field in L, of the stabilizer of « in I",,, and

-1
A( 'YHv'YG 1) H X(U) ( ) ’

where the product is over representatives « for the orbits of T',, in the roots of 7" which lie outside H. Note that
= % lies in F,, the fixed field in L of the stabilizer of o in I'. On the other hand we may write x, as

L, Xa,0 Where x4, is a character on (F, ® F,)*. Then we claim that

AL 'YHa’YGv H Xav
where the product is now over representatives « for the orbits of I' in the set of roots outside H. Then
A(U) =1
i (Va6 w)

for almost all v and

H A(II) ’YH7'YGU H H Xav ):H;HUX(Ly(é):H;XG((S):l.
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To prove the claim we fix a root . outside H and choose representatives o1, ..., o, for [,\I'/T,, where
T', isthe stabilizer of ainT". Then o1, ..., 0, « are representatives for the I',,-orbits in the I'-orbit of . Thus the
contribution to A%) (vH,Ya,v) from these orbitsis [ ], Xf}j)(,(aq;é). ButFo @ F, =[[, F, -1, =1 oi‘l(Fq,ma).

From xo = Xo;a - 0; We conclude that if x, , = ]_[Z. xi then x; = XS,UI.L - 0;, and the claim is proved.

(Ag) By definition,

AgU) (7H7 'YG,U) = <a115 ’Y>7

where a, is the element a of Hl(WU,f) constructed in (3.5). Because we have global x-data and Ty — T is
defined over F' we may similarly constructa € H* (W, f). By (2.6.5) we have that a, is the image of a under
HY(W,T) — HW,,T). Thus As(vu,7c.0) = 1 for almost all v and [T, A (va, ve0) = [1,(aw,7) =
(a,v) = 1sincey € T(F).

The assertions of the theorem are immediate for A ;. This completes the proof.
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