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FOREWORD

These are the notes from a course of lectures given at The Institute for Advanced Study in the fall of 1975.
Following a suggestion of A. Borel, I have added a section (§2) with an outline of the material and have discussed
the applications to Artin L-functions in more detail (§3), including some which were discovered only after the
course was completed. I have also made corrections and other improvements suggested to me by him, and by T.
Callahan, A. Knapp, and R. Kottwitz. But on the whole I have preferred to leave the notes in their original, rude
form, on the principle that bad ideas are best allowed to languish, and that a good idea will make its own way in

the world, eventually discovering that it had so many fathers it could dispense with a mother.

R. P. Langlands
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1. INTRODUCTION

The problem of base change or of lifting for automorphic representation can be introduced in several ways.
It emerges very quickly when one pursues the formal principles expounded in the article [20] which can in fact
be reduced to one, viz., the functoriality of automorphic forms with respect to what is now referred to as the
L-group. This is not the place to rehearse in any generality the considerations which led to the principle, or its
theoretical background, for which it is best to consult [4]; but it is useful to review them briefly in the form which

is here pertinent.

Suppose that F' is a non-archimedean local field and G is GL(2). If O is the ring of integers of F' the Hecke
algebra H of compactly supported functions on the double cosets of G(F)//G(O) has a known structure. It
is in particular isomorphic to the algebra of functions on GL(2, C) obtained by taking linear combinations of
characters of finite-dimensional analytic representations. According to the definitions of [20], the L-group of G
over F'is the direct product

LGa =LG° x (K/F).

Here LG°, the connected component of La, is GL(2,C), and K is simply a finite Galois extension of F, large

enough for all purposes at hand.

If K/F is unramified the Frobenius element ® in &(K/F) is defined and the Hecke algebra H is also
isomorphic to the algebra of functions on

Lge x o cla

obtained by restriction of linear combinations of characters of analytic representations of the complex Lie group

La.

Suppose FE is a finite separable extension of F'. The group G obtained from G by restriction of scalars from
E to F is so defined that G(F) = G(E). As a group over F it has an associated L-group, whose connected
component LG’ is

11 GL(2,C).
&(K/E)\&(K/F)

The group &(K/F) operates on LG” via its action on coordinates. The L-group G is a semi-direct product
LG =LG" x &(K/F).

If E/F and K/F are unramified the Hecke algebra Hpg of G(E) with respect to G(Og) is isomorphic to the
algebra of functions on

L xocta
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obtained by the restriction of linear combinations of characters of finite-dimensional analytic representations of
La.
At first this is a little baffling for Hecke algebras on G(F) and G(F') are the same, while the first is isomorphic

to the representation ring of GL(2, C) and the second to an algebra of functions on © G x®. If fV and 7\/ represent

the same element of the Hecke algebra then

—=V

(1.1) f (g1, 90) x @) = f(ge- - g291) L=[E:F].

The homomorphism

p:i(gxT1)—=(g9,,9) xT

of LG to F'G takes “G® x ® to “G” x ®. It allows us to pull back functions from “G” x ® to “G° x ®, and
yields especially a homomorphism ¢* : Hg — H. To give an irreducible admissible representation 7 of G(F)
which contains the trivial representation of G(O) is tantamount to giving a homomorphism A of H onto C, and
to give an irreducible representation IT of G(E) which contains the trivial representation of G(Of) is tantamount

to giving a homomorphism X of Hg onto C. We say that IT is a lifting of 7 if X' = X o ¢*.

The notion of lifting may also be introduced when FE is simply a direct sum of finite separable extensions.

For exampleif £ = F @ --- @ F then

and LG is the direct product
GL(2,C) x --- x GL(2,C) x 6(K/F).

We may define ¢ as before. The algebra Hg is H ® - - - @ H. Itis easily verified thatif f; ® - - - ® f; lies in H g then
©*(f1 ®---® f¢) is the convolution f1 * - - - % f;, and so the lifting of 7, defined by the same formal properties as

before, turns out to be nothingbut 7 ® - - - ® 7.

Thus when E is a direct sum of several copies of I, the concept of a lifting is very simple, and can be extended
immediately to all irreducible, admissible representations. However when E is a field, it is not at all clear how to
extend the notion to cover ramified 7. Nonetheless class field theory suggests not only that this might be possible

but also that it might be possible to introduce the notion of a lifting over a global field.

The principal constraint on these notions will be the compatibility between the local and the global liftings.
If I is a global field and F is a finite separable extension of F' then for each place v of F' we define E, to be
E®p F,. If 1 = ®,m, is an automorphic representation of G(A) ([3]), where A is the adéle ring of F, then the

automorphic representation II of G(Ag) will be a lifting of 7 if and only if II, is a lifting of m, for all v. Since m,
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is unramified for almost all v and the strong form of the multiplicity one theorem implies that, in general, II is

determined when almost all I, are given, this is a strong constraint.

Proceeding more formally, we may define the L-groups G and LG over a global field F too.
LG =GL(2,A) x 8(K/F)

and

L_ p—
G= (Hg(K/E)\ﬁ(K/F) GL(2,A)) X B(K/F).

We also introduce
v:(9,7) = (g,++,9) X1

once again. If v is a place of F' we may extend it to a place of K. The imbedding &(K,/F,) — &(K/F) yields
imbeddings of the local L-groups

L@, =GL(2,C) x (K, /F,) =t G, G, —='G.
The restriction ¢, of ¢ to “G,, carries it to “G,, and is the homomorphism we met before. If TI(G/F) is the set
of automorphic representations of G(A) and I1(G/F) is the same set for G(A) = G(Ag), the global form of the

principle of functoriality in the associate group should associate to ¢ a map
O(p) : II(G/F) — II(G/F).

The lifting IT of 7 would be the image of 7 under II(¢). Since the principle, although unproved, is supported by

all available evidence we expect II to exist.

The local form of the principle should associate to ¢, a map II(y,) from II(G/F,), the set of classes of
irreducible admissible representations of G(F,), to II(G/F,) and hence should give a local lifting. Whatever
other properties this local lifting may have it should be compatible with that defined above when E, /F, is
unramified and m, contains the trivial representation of G(O). Moreover, as observed already, local and global

lifting should be compatible so that if 7 = ®, lifts to Il = ®II,, then II,, should be a lifting of 7 for each v.

The main purpose of these notes is to establish the existence of a lifting when E/ F' is cyclic of prime degree.
It is worthwhile, before stating the results, to describe some other paths to the lifting problem. If H is the group

consisting of a single element then the associate group L H is just &(K/F) and a homomorphism
¢ 'H -La

compatible with the projections of the two groups on &(K/F) is simply a two-dimensional representation p of
&(K/F). Since II(H/F) consists of a single element, all II() should do now is select a particular automorphic

representation 7 = 7(p) in II(G/F).
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The local functoriality should associate to ¢, a representation m, = 7(p, ), where p, is the restriction of p
to the decomposition group &(K,/F,). We let @, be the Frobenius at a place v at which K, is unramified and
suppose

Pyt Dy — Ty X Dy

The associated homomorphism ¢, of the Hecke algebra H,, of G at v into that of H at v, namely, to C is obtained
by identifying H, with the representation ring of GL(2, C) and evaluating at ¢,. For such a v, m, = 7(py)
is defined as the representation corresponding to this homomorphism. We may define 7 = w(p) globally by
demanding that 7 = ®m, with m, = 7(p,) for almost all v. This of course does not prove that it exists. It is
also possible to characterize 7(p, ) for all v (§12 of [14]), although not in a truly satisfactory manner. Nonetheless
7(py) can now be shown to exist ([17]), but by purely local methods quite different from those of these notes,

where the emphasis is on the existence of 7(p) globally.

These considerations can be generalized. If p is a continuous two-dimensional representation of the Weil
group Wy by semi-simple matrices we may define p, as the restriction of p to Wy, /r,. For almost all v, p,
factors through

Wk, /r, =L — GL(2,C).

If ¢, is the image of a Frobenius element, that is, of 1 € Z, and 7, the representation of G (F,) which contains the
trivial representation of G(O, ) and yields the homomorphism of H, into C defined by evaluation at t,, we say
that 7(p,) = m,. We may, at least for irreducible p, define 7 = 7(p) globally by the demand that 7 = @, and

my = (py) for almost all v. If m(p) exists its local factors , can be characterized in terms of p,,.

If p is reducible the existence of 7(p) is proved in the theory of Eisenstein series. If p is dihedral, by which I
shall mean, in spite of justified reproofs, induced from a quasi-character of the Weil group of a quadratic extension,
the existence of 7(p) is implicit in the work of Hecke and of Maass. But nothing more was known when, late in
1966 or early in 1967, the principle of functoriality, and hence the existence of 7(p), was first suggested by the
general theory of Eisenstein series. It was desirable to test a principle with so many consequences — for example,
the existence of 7(p) implies the Artin conjecture for the Artin L-function L(s, p) — as thoroughly as possible.
Weil’s elaboration of the Hecke theory, which had been completed not long before, together with a careful analysis
([21]) of the factors appearing in the functional equation of the Artin L-functions, enabled one to show that the
existence of 7(p) was implied by Weil’s form of the Artin conjecture ([14]), and to obtain at the same time a much

better understanding of the local maps p, — 7(py).

In retrospect it was clear that one could argue for the existence of 7(p) by comparing the form of the functional
equation for the Artin L-functions on one hand and of the Euler products associated by Hecke and Maass to

automorphic forms on the other. This is especially so when F' = Q and p, factors through

Wor — B(C/R) "= GL(2,0)
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with the second homomorphism taking complex conjugation to

)

0 -1/

This argument is simple, can be formulated in classical terms, and resembles closely the argument which led Weil
to his conjecture relating elliptic curves and automorphic forms, and thus has the sanction of both tradition and
authority, and that is a comfort to many. The emphasis on holomorphic forms of weight one is misleading, but

the connection with elliptic curves is not, for, as Weil himself has pointed out ([33]), the consequent pursuit of his

conjecture leads ineluctably to the supposition that 7(p) exists, at least when F' is a function field.

Once the conjecture that 7(p) existed began to be accepted, the question of characterizing those automorphic
representations m which equal 7(p) for some two-dimensional representation of the Galois group arose. It seems
to have been generally suspected, for reasons which are no longer clear to me, that if F' is a number field then
7 is a (p) if and only if, for each archimedean place v, 7, = 7(p,), where p, is a representation of &(F, /F,);
but there was no cogent argument for giving any credence to this suspicion before the work of Deligne and Serre

([6]) who established that it is correct if F' = Q and 7o, = 7(p%,).

This aside, it was clear that one of the impediments to proving the existence of 7(p) was the absence of a
process analogous to composition with the norm, which in class field theory enables one to pass from a field
to an extension, that is, to effect a lifting or a base change. The expectation that there will be a close relation
between automorphic L-functions on one hand and motivic L-functions on the other entails the existence of such
a process, for itimplies that to any operation on motives must correspond an analogous operation on automorphic
representations, and one of the simplest operations on motives is to pass to a larger field of definition, or, as one
says, to change the base. For motives defined by a representation of a Galois group or a Weil group over F, base

change is simply restriction to the Galois or Weil group over F.

If F'is alocal field and p : Wi /p — GL(2,C) an unramified two-dimensional representation of the local
Weil group we have already defined 7 (p). It must be observed that if E/F is unramified and o the restriction of
p to Wi, g then (o) is the lifting of . Otherwise, base change for automorphic forms would be incompatible
with base change for motives. That 7(0) is the lifting of 7 follows from formula (1.1) and the definition of 7 (o)

and 7(p).

Although the lifting problem emerges from the general principle of functoriality in the L-group, some of its
historical roots and most of the sources of progress lie elsewhere. The initial steps were taken for F' = Q and E
quadratic by Doi and Naganuma. It is instructive to review their early work ([7],[8]). We first recall the relevant

facts about L-functions associated to automorphic forms.

If pis any analytic representation of LG and 7 an automorphic representation it is possible ([20]) to introduce

an Euler product

L(s,m,p) = Hv L(s,my, p).
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To be frank it is at the moment only possible to define almost all of the factors on the right. For a few p it is
possible to define them all; for example, if p is the projection p® of LG on its first factor GL(2, C) then L(s, T, p)

is the Hecke function L(s, ) studied in [14]. One basic property of these Euler products is that

L(S77T7p1 2] p2) = L(87777p1) L(Saﬂ-7p2)'

If pis a representation of “G and II an automorphic representation of G(A) we may also introduce L(s, IL, )

([20]). These functions are so defined that if ¢ :* G —% G is defined as above and II is the lifting of 7 then
L(s,11,7) = L(s,m, 70 ¢).

If p o ¢ is reducible the function on the right is a product. An automorphic representation for G(A) is also
one for G(Ag), because the two groups are the same. However, LG g, the associate group of GL(2) over E, is

GL(2,C) x &(K/E). Given a representation pr of “G ; we may define a representation p of LG so that
L(Sa va) = L(Sv H7 IOE)

Choose a set of representations 71, - - - , ¢ for &(K/E)\G(K/F) and let ;7 = 0;(7)7;(;), with 0(7) € &(K/E).
Set
P91, -590) = pE(91) © -~ ® pr(ge)
and let
(1) : ©u, = ©pp(0i(7))vi6) T € B(K/F).

The role played by passage from p to p is analogous to, and in fact an amplification of, that played by
induction in the study of Artin L-functions. Suppose for example that p = p%, is the standard two-dimensional
representation of G 5, obtained by projection on the first factor, and I is the lifting of 7. If F// F'is cyclic of prime
degree, let w be a non-trivial character of &(E/F) and hence of &(K/F) and let p; be the representation of G
defined by

pilg x 1) = W' (1)p°(g)-
Then
_ -1
pop= @izo pi
and

L(s, T, p%) = L(s,11,p) = L(s,m,pow) = [ [ L(s,m, pi).

However, w may also be regarded as a character of F'* \Ir and

L(s,m,pi) = L(s,w' @ 7).
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Take F' to be Q and E to be a real quadratic field. Suppose G is the multiplicative group of a quaternion
algebra over E/ which splits at only one of its two infinite places. The L-groups of G; and G over E are
the same. There is also associated to G a family of algebraic curves S which are defined over £ and called
Shimura curves. The Hasse-Weil zeta function of S can be written as a quotient of products of the L-functions
L(s,II;) = L(s,1I1;, p%) corresponding to automorphic representations of G1 (A g). It can happen that S not only
is connected and elliptic, so that the non-trivial part of its zeta-function is exactly L(s,11;) for a certain Iy, but
also has a model defined over Q ([7]). Then the conjecture of Taniyama as refined by Shimura and Weil ([32])
affirms that there is an automorphic representation m of G(Aq) such that the interesting part of the zeta-function
of the model is L(s, ). Hence

L(s,II;) = L(s,7) L(s,w ® )

if w is the character of Q*\Iq defined by E. This equation is tantamount to the assertion that II; is a lifting of m;
and the problem of lifting as posed by Doi and Naganuma was not from = to 1I but from 7 to II;, where G; was
some quaternion algebra over E. However, if IT; is any automorphic representation of G1(Ag) there is always
(cf. [14], and especially the references therein to the work of Shimizu) an automorphic representation IT of G(Ag)
such that

L(s,1I) = L(s,1I;)

and the problem of lifting from 7 to II; becomes the problem of lifting from 7 to II.

Following a suggestion of Shimura they were able to establish the existence of II for a large number of 7
by combining an idea of Rankin with the theory of Hecke ([8]), at least when F' = Q and F is a real quadratic
field. Their idea was pursued by Jacquet ([13]) who removed the restriction on F' as well as the restrictions on
m which are inevitable when working in the context of holomorphic automorphic forms. However, the method
was limited to quadratic extensions, and could establish the existence of a lifting, but could not characterize those

IT which were liftings.

The next step was taken by Saito ([27]), who applied what one can refer to as the twisted trace formula
to establish the existence of a lifting and to characterize them when E/F is cyclic of prime degree. This is in
fact not what he did, for he worked with holomorphic forms in the customary sense, without any knowledge
of representation theory; and the language of holomorphic forms seems to be inadequate to the statement of a
theorem of any generality much less to its proof. It is not simply that one can only deal with 7 = @, for which
T, belongs to the discrete series at each infinite place, although this alone precludes the applications of these
lectures, but rather that one is in addition confined to forms of low level. But Saito certainly does establish the
usefulness of the twisted trace formula, the application of which may have been suggested by some computations

of Busam and Hirzebruch.
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To carry over an idea in the theory of automorphic forms from a function-theoretic to a presentation-theoretic
context is seldom straightforward and usually demand new insight. What was needed to give suppleness and
power to the idea of Saito was the correct notion of a local lifting. This was supplied by Shintani, who sketched
his ideas during the U.S.-Japan seminar on number theory held at Ann Arbor in 1975, and has now published
them in more detail in [30]. It was Shintani who fired my interest in the twisted trace formula. It soon became
clear* that his ideas, coupled with those of Saito, could, when pursued along lines which he had perhaps foreseen,
be applied in a striking, but after this lengthy introduction no longer surprising, fashion to the study of Artin
L-functions. Before giving the applications, I describe the results on lifting yielded by a fully developed — but
only for GL(2) and only for cyclic extensions of prime degree! — theory. Moreover, only fields of characteristic

zero will be considered. This is largely a result of indolence.

* when reflecting upon these matters not long after the seminar at our cabin in the Laurentians
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2. PROPERTIES OF BASE CHANGE

So far all applications of the trace formula to the comparison of automorphic representations of two different
groups have been accompanied by local comparison theorems for characters, the typical example being provided
by twisted forms of GL(2) ([14]). Base change for cyclic extensions is no exception, and, following Shintani, local

liftings can be defined by character relations.

Suppose F is a local field, and E a cyclic extension of prime degree ¢. The Galois group & = &(E/F') acts

on G(E), and we introduce the semi-direct product
G'(E)=G(E) x &.
The group & operates on irreducible admissible representations of G(E), or rather on their classes,
" : g — I(7(9))

and IT can be extended to a representation II' of G’'(E) on the same space if and only if II" ~ II for all 7. Fix a
generator o of &. ThenII” ~ II for all 7 if and only if II” ~ II. The representation I’ is not unique, but any other
extension is of the form w ® II’, where w is a character of &. There are ¢ choices for w. It will be shown in §7 that
the character of I’ exists as a locally integrable function.

If g lies in G(E), we form

é—l(

Ng=go(g)---0"""(9)-

This operation, introduced by Saito, is easy to study. Its properties are described in §4. It is not the element Ng
which is important, but rather its conjugacy class in G(E), and indeed the intersection of that conjugacy class
with G(F'), which is then a conjugacy class in G(F'). We also denote an element of that class by Ng. The class of

Ngin G(F') depends only on the class of g x 0 in G'(E).

The representation II of G(E) is said to be a lifting of the representation 7 of G(F') if one of the following

two conditions is satisfied:
() Misw(p',v"), mis w(p,v), and p'(x) = u(Ng/px), V' (x) = v(Ng,px) for x € E*.
(ii) ITis fixed by ® and for some choice of IT' the equality
xm (g x ) = xx(h)
is valid whenever h = Ng has distinct eigenvalues.

The representation m(u, ) associated to two characters of F* is defined on p. 103 of [14]. The characters
X, xm of mand IT" are well-defined functions where N g has distinct eigenvalues, so that the equality of (ii) is

meaningful. It should perhaps be underlined that it is understood that 7 and II are irreducible and admissible,
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and that they are sometimes representations, and sometimes classes of equivalent representations. It is at first
sight dismaying the liftings cannot be universally characterized by character identities, but it is so, and we are

meeting here a particular manifestation of a widespread phenomenon.

We shall prove the following results on local lifting for fields of characteristic zero.
a) Every m has a unique lifting.
b) Il is a lifting if and only if II” ~ Il for all 7 € &.

c) Suppose Il is a lifting of 7 and of 7. If 7 = 7(u, v) then 7' = 7(u', ') where =11’ and v~!v/ are characters
of NEX\F*. Otherwise n’ ~ w ® m where w is a character of NE*\F*. If w is non-trivial then 7 ~ w ® = if

and only if £ is 2 and there is a quasi-character § of E* such that 7 = 7(7) with
T = IHd(WE/F, WE/E7 9)

d)If k C F C E and E/k, F/k are Galois and 7 € B(E/k) then the lifting of ©7 is II" if the lifting of 7 is II.
e) If p is reducible or dihedral and 7 = 7(p) then the lifting of 7 is 7(P) if P is the restriction of p to W/ p.
f) If IT is the lifting of 7 and II and 7 have central characters wiy and w, respectively then wri(z) = wx(Ng/r2).

g) The notion of local lifting is independent of the choice of o.

The assertion (e) cries out for improvement. One can, without difficulty, use the results of §3 to extend it to
tetrahedral p, but it is not clear that the methods of these notes can, unaided, establish it for octahedral p. I have

not pursued the question.

Many of the properties of local liftings will be proved by global means, namely, the trace formula. For this
it is important that the map on characters xr — Xxm which appears in the definition of local liftings is dual to a
map ¢ — f of functions. It is only the values of x» on G(E) x ¢ which matter, and thus ¢ will be a function
on G(E) x o, or, more simply, a function on G(FE). Since the x, are class functions, it is not necessary — or
possible — to specify f uniquely. It is only its orbital integrals which are relevant, and these must be specified
by the orbital integrals of ¢. But these will be integrals over conjugacy classes on G(E) X ¢, a subset of G'(E).
As a step preliminary to the introduction of the trace formula, the map ¢ — f will be defined and introduced in
§6. Objections can be made to the arrow, because the map is in fact only a correspondence, but the notation is

convenient, and not lightly to be abandoned.

There are other local problems to be treated before broaching the trace formula, but before describing them
it will be best to recall the function of the trace formula. Let F' be for now a global field and F a cyclic extension

of prime degree {. Let Z be the group of scalar matrices, and set

Zp(A) =Z(F)Ng/rZ(AE).
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Let £ be a unitary character of Zg(A) trivial on Z(F).

We introduce the space L,(€) of measurable functions ¢ on G(F')\G(A) which satisfy

(a)
p(zg) = &(2)p(g) forall ze Zp(A)

(b)

/ lo(g)2dg < oo.
Zrp(A)G(F)\G(A)

G(A) acts on L,(&) by left translations. The space L;(£) is the direct sum of two mutually orthogonal invariant
subspaces: L, (§), the space of square-integrable cusp forms; and L. (), its orthogonal complement. The theory
of Eisenstein series decomposes L. (£) further, into the sum of LY, (¢), the span of the one-dimensional invariant

subspaces of L,(£), and L., (£). We denote by 7 the representation of G(A) on the sum of L, (€) and L2, (€).

Suppose we have a collection of functions f,, one for each place v of F, satisfying the following conditions.

i) fyisa function on G(F,), smooth and compactly supported modulo Z(F,).

i) fo(zg) =€ 1 (2)fulg) for z€Ng,p Z(Ey).
iii) For almost all v, f, is invariant under G(OF, ), is supported on the product G(OF, ) Ng, /F,
Z(E,), and satisfies

/ fo(g)dg = 1.
Ng,/F, Z(E,)\G(Or, )NEU/FUZ(Ev)

Then we may define a function f on G(A) by

f(g> = Hv fv(gv)>

where g = (g, ). The operator

r(f) = (9)r(g9)dg

/NE/FZ(AE)\G(A)

is defined and of trace class.

Let &g be the character 2 — {(Np,/pz) of Z(Ag). We may also introduce the space L,({g) of measurable
functions ¢ on G(E)\G(Ag) satisfying
(a)
p(z9) = Er(2)plg) forall z e Z(Agp)

(b)

/ (plo)Pdy < .
Z(Ap)\G(AE)
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Once again we have a representation 7 of G(Ag) on the sum of Ls,(¢g) and LY, (£g). But 7 now extends to a

representation of the semi-direct product
G'(Ag) = G(Ag) x 6.

An element 7 of & sends ¢ to ¢’ with

@' (h) = o(r7" (h)).

We will consider functions ¢ on G(A ) defined by a collection ¢,,, one for each place of F, satisfying

i) ¢ is a function on G(E,), smooth and compactly supported modulo Z(E,).
i) ¢v(29) = &5 (2)fulg) for z € Z(Ey).
iii) For almost all v, ¢, is invariant under G(Og, ), is supported on Z(E,)G(Og, ), and satisfies

/ $(g)dg = 1.
Z(Ey)\Z(E»)G(Og,)

Then ¢(g) =[], ¢v(gv), and

r(¢) = / 6(9)r(9)dg
Z(Ap)\G(AEg)

is defined and of trace class.

We now introduce another representation, R, of G'(Ag). If £ is odd, then R is the direct sum of ¢ copies of
r. The definition of R for £ even is best postponed to §11. The function of the trace formula is to show that, for

compatible choices of ¢ and f,
(2.1) trace R(¢)R(o) = tracer(f).

Here o is the fixed generator of (E/F'). The trace formula for the left side is somewhat different than the usual

trace formula, and is usually referred to as the twisted trace formula. It will be reviewed in §10.

The condition of compatibility means that ¢, — f, for all v. As we observed, the meaning of the arrow will
be explained in §6 for those v which remain prime in F. Its meaning for v which split will be explained later, in
the very brief §8. It is very important that when v does not ramify in E, ¢, liesin Hg,, and f, is its image in Hp,
under the homomorphism introduced in §1, then the relation ¢,, — f,, is satisfied. This was verified by Saito [27],
who had no occasion to mention that the homomorphism from H g, to Hr, was just one of many provided by
the general theory of spherical functions and the formalism of the L-group. In §5 another verification is given; it

exploits the simplest of the buildings introduced by Bruhat-Tits.

The definition of the arrow ¢, — f, and the structure of the trace formula together imply immediately that
the two sides of (2.1) are almost equal. The difference is made up of terms contributed to the trace formula by the

cusps. There is a place for insight and elegance in the proof that it is indeed zero, but in these notes the proof is
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regarded as a technical difficulty to be bashed through somehow or other. The local information accumulated in
§5 and in §9, which is primarily technical and of interest only to specialists, allows us to put the difference of the
two sides of (2.1) in a form sulfficiently tractable that we can exploit the fact that we are dealing with a difference

of two traces to establish equality.

This is the first step taken in §11. The equality (2.1) available, one chooses a finite set of places, V, including
the infinite places and the places ramifying in E, and for each v ¢ V' an unramified representation II,, of G(E,)
such that IT{ ~ II,. Let 2 be the set of irreducible constituents II of R, counted with multiplicity, such that IT,,
is the given II, outside of V. By the strong form of multiplicity one, 2 is either empty or consists of a single
repeated element, and if IT € A then I1? ~ II. If II? ~ II then G’ (A g) leaves the space of II invariant, and so we

obtain a representation Il' of G'(Ag), as well as local representations IT, . Set

A= ZnemH trace IT, (¢, )T, (o).

Let ‘B be the set of constituents 7 = ®,m, of r such that II, is a lifting of 7, for each v outside of V. Set

B = ZWE%H trace my (fo)-

Elementary functional analysis enables us to deduce from (2.1) that A = B. This equality is local, although the
set V may contain more than one element, and we have no control on the size of B. Nonetheless, when combined

with some local harmonic analysis, it will yield the asserted results on local lifting.

The necessary harmonic analysis is carried out in §7. Some of the results are simple; none can surprise a
specialist. They are proved because they are needed. The last part of §7, from Lemma 7.17 on, contains material
that was originally intended for inclusion in [18], and found its way into these notes only because they were
written first. It is joint work with J.-P. Labesse, and it was he who observed Lemma 7.17. Although [18] was
written later, the work was carried out earlier, and the methods are less developed than those of these notes. At
the time, one hesitated to strike out on a global expedition without providing in advance for all foreseeable local
needs. One could probably, reworking [18], dispense with some of the computations of §7. But little would be

gained.

A word might be in order to explain why the last part of §7 and the more elaborate definition of R when
¢ = 2 are called for. When [E : F] = 2 there are two-dimensional representations p of the Weil group Wpr
induced from characters of the Weil group Wg. These representations have several distinctive properties, which
we must expect to be mirrored by the 7(p). For example, p can be irreducible but its restriction to Wg will be
reducible. If F' is global this means that the cuspidal representation 7 (p) becomes Eisensteinian upon lifting, and

this complicates the proofs.

In the course of proving the results on local lifting, we also obtain the existence of global liftings, at least for

a cyclic extension of prime degree ¢. If IT is an automorphic representation of G(Ag) then, for each place v of F,
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IT determines a representation II, of G(E, ), and Il is said to be a lifting of  if II,, is a lifting of 7, for each v. The

first properties of global liftings are:
A) Every 7 has a unique lifting.

B) If II is isobaric in the sense of [24], in particular cuspidal, then II is a lifting if and only if II" ~ II for all
TEB(E/F).

C) Suppose 7 lifts to II. If 7 = m(u, v) with two characters of the idele class group ([14]), then the only other
automorphic representations lifting to II are m(pq 4, v1v), where i, v; are characters of F* N / rlp\Ip. If wis
cuspidal then 7’ lifts to II if and only if 7' = w ® m where w is again a character of F'* Np,pIgr. The number
of such 7’ is £ unless £ = 2 and m = 7(7) where 7 is a two-dimensional representation of Wy, induced by a

character of E*\ I, when itis one, for 7 ~ w ® 7 in this case.
D) Suppose k C F' C E and F/k, E/k are Galois. If 7 € (E/k) and Il is a lifting of 7 then II" is a lifting of 7"

E) The central character w, of 7 is defined by 7(z) = wx(2)I, z € Z(A) = Ip, and wyy is defined in a similar

fashion. If II is a lifting of 7 then

wii(z) = wa(Ng/pz).

If IT is cuspidal then II is said to be a quasi-lifting of 7 if II, is a lifting of 7, for almost all v. A property of

global liftings that has considerable influence on the structure of the proofs is:
F) A quasi-lifting is a lifting.
It is worthwhile to remark, and easy to verify, that the first five of these properties have analogues for

two-dimensional representations of the Weil group W of F if lifting is replaced by restriction to Wg. The central

character is replaced by the determinant.
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3. APPLICATIONS TO ARTIN L-FUNCTIONS

Suppose F is a global field and p is a two-dimensional representation of the Weil group Wi, r, K being
some large Galois extension. There are two possible definitions of 7(p). If 7(p, ) is characterized as in §12 of [14],
we could say that 7 = 7(p) if 7 = @7, and m, = 7(p,) for all v. On the other hand we could say that 7 = 7(p)
if 7 is isobaric, in the sense of [24], and 7, = 7(p, ) for almost all v. The second definition is easier to work with,

for it does not presuppose any elaborate local theory, while for the first the relation
L(s,m) = L(s, p)

is clear. It will be useful to know that they are equivalent. The first condition is easily seen to imply the second. To
show that the second implies the first, we use improved forms of results of [5] and [14] which were communicated

to me by T. Callahan.
He also provided a proof of the following strong form of the multiplicity one theorem.

Lemma 3.1 Suppose 7 and 7’ are two isobaric automorphic representations of GL(2, A). If m, ~ m,, for almost

allv thenm ~ 7.

If 7 is isobaric and not cuspidal then © = 7(u, ), where i, v are two idéle class characters. An examination
of the associated L-functions L(s,w ® 7) and L(s,w ® 7’) shows easily that if m, ~ 7] for almost all v and
7w = 7m(p,v) then ' = w(y',v'). Thus the lemma is quickly reduced to the case that 7 and 7’ are cuspidal. It is
stronger than the theorem of Casselman ([5]) because it does not assume that 7, ~ 7, for archimedean v, but the

proof is similar.

One has to observe that if v is archimedean and if for every character w,, of F;* and some fixed non-trivial

character v, of I, the function of s given by

L(l - vavjl & ﬂv)g(svwv & ﬂvvwv)
L(s,wy ® my)

5/(5,(,0@ & Ty, %) =

is a constant multiple of &'(s,w, ® 7,1, ) then m, ~ «,. This is an archimedean analogue of Corollary 2.19 of
[14], and is a result of the formulae for &’(s, w, ® 7y, ¥,) given in the proofs of Lemma 5.18 and Corollary 6.6 of

[14].
One needs in addition the following variant of Lemma 12.5 of [14].

Lemma 3.2 Suppose that we are given at each infinite place v of F' a character x, of F,)* and, in addition, an
integral ideal 2 of F'. Then there exists an idéle-class character w which is such that w, is close to x, for each

archimedean v and whose conductor is divisible by .
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This lemma, whose proof will not be given, can also be used, in conjunction with the methods of §12 of [14],
to show that the second definition of 7(p) implies the first. Again, if 7(p) is not cuspidal then it is 7(u, ) and p

must be the direct sum of the one-dimensional representations y and v.

There is one further property of liftings which is now clear.

G) If E/F is cyclic of prime degree, if 7 = m(p), IIis the lifting of 7, and P the restriction of p to the Weil group
over E, thenII = 7(P).

Of course the definition of 7(p) does not imply that it always exists. If p is irreducible and 7 = 7(p) then
7 is necessarily cuspidal and, since L(s,m) = L(s, p), the Artin L-function attached to p is entire, as it should
be. In this paragraph we take the results of global liftings announced in the previous paragraph for granted, and
see what can be deduced about the existence of 7(p). The representation p is of course to be two-dimensional,
and we may as well assume that it is neither reducible nor dihedral. If p is a representation of W, the image
of K*\ Ik will then consist of scalar matrices, and passing to PGL(2, C) ~ SO(3, C) we obtain a finite group
which will be tetrahedral, octahedral, or icosahedral. About the last I can say nothing. I consider the other two

in turn.

i) Tetrahedral type

There are three pairs of opposite edges so that we obtain a map of & (K /F') into Ss. Since we only obtain proper
motions of the tetrahedron the image must in fact be A3 ~ Zs3. The kernel defines a cyclic extension £ of degree
3. The restriction P of p to Wy, p must be dihedral, and so IT = 7(P) exists as an automorphic representation of
G(Ag). If 7 € (E/F) has a representative u in Wi, then II" is clearly 7(P7) if P7 is the representation, or

rather the class of representations, defined by
PT(w) = P(uwu™).

However, P and P7 are equivalent so II” ~ II and II is a lifting of an automorphic representation 7 of G(A).

If w, = det p then w, and w, pull back to the same quasi-character of E*\Ig. Thus there is a character w of
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F*NIg\ Ir such that W, = wiw,. Replacing 7 by w ® 7, we can arrange that w, = w, and that 7 lifts to w(P).

This determines 7 uniquely. We write m = m,4(p), which is to be read mpseudo (p)-

PGL(2,C)

(D.1) GL(2,C)———= SL(3,C)
X ‘
GL(3,C)

It follows from (C) and (G) that if 7(p) exists then it must be mps(p), but at the moment all we have in our
hands is ms(p), and the problem is to show that it is in fact 7(p). This will be deduced from results of Gelbart,
Jacquet, Piatetskii-Shapiro, and Shalika (cf. [11]).

Consider the commutative diagram (D.1) in which the skewed arrow on the right is given by the adjoint
representation. Taking the product with &(K/F'), we obtain a diagram of L-groups with G; = SL(2), Hy =
PGL(3), H=GL(3).

The representation o = ¢ o p is a representation of &(K/F). Each of the one-dimensional subspaces defined
by an axis passing through opposite edges of the tetrahedron is fixed by &(K/FE) and thus defines a character 6
of &(K/FE). Itis easy to see that o = Ind(&(K/F),&(K/E),0).

Le,
N
(D.2) Lg Ly,

For each finite place v at which o, is unramified one attaches a conjugacy class in GL(3, C) to o, namely

that of o, (®) if ® is the Frobenius at v. Moreover one also attaches a conjugacy class { A(7})} in GL(3, C) to each
unramified representation ! of GL(3, F,) (cf. [3], [20], [26]). The representation is determined by the conjugacy
class, and one says that 7} = 7(0,) if {A(7})} = {0,(®)}. The following instance of the principle of functoriality

is due to Piatetskii-Shapiro ([16]):

1) There is a cuspidal representation ' of GL(3, A) such that v} = (o) for almost all v.

There is another instance of the principle due to Gelbart-Jacquet ([12]):

2) Let m = mps(p). Then there is a cuspidal representation 7° of GL(3, A) such that {A(72)} = {¢o(A(my))}
Recall that evaluation at the class {A(7,)} defines the homomorphism of the Hecke algebra into C associated to

Ty
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It is to be expected that 7! and 72 are equivalent, and this can indeed be established, using a criterion of
Jacquet-Shalika ([15]). Let 71 be the contragredient of ml. All that need be verified is, in the notation of [15],
that

L(s,m) x 7)) = L(s,n% x 7, 1)

for almost all v. The left side is

(3.1) det™ (1 — || A(m,) @ " A7 (m,)),
and the right side is
(3.2) det ™' (1 — |w, [*A(r?) @ LA~ (x))).

In general, if 7} = 7(0,) and 0, is unramified then
w|v

det(1 = |@o[*B @ A7H(m)) = [ det(t = [ |"()*m())
if n(w) is the degree [E,, : F,].
If v splits completely in E then p,(®) is conjugate to A(m, ). Since
{A(m)} = {e(pu(®))}

and
{A(r2)} = {p(A(m))}

the equality of (3.1) and (3.2) is clear. If v does not split in £ then n(w) = 3, and, by definition,

{A%(mo)} = {pi(®)}-
The equality is again clear.

To show that mp,5(p) is 7(p) we have to show that

{A(m)} = {p.(®)}

even when v does not split in 2. We have so chosen 7 that both sides have the same determinant. Thus we may

{m(«b)}{(g 2)}
{A(m)}={(§0“ ggb)}

suppose that

and that
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with €2 = 1. We need to show that £ may be taken to be 1. Since 7! and 72 are equivalent,

a 0 _ Ea 0
in GL(3, C). This implies either that { = 1, and then we are finished, or that
a® = €%,

From this equation we conclude that either a = ¢ 2b, which also leads to the desired conclusion, or a = —&2b,
which implies that p(p, (®)) has order 6 if £ is not 1. Since the tetrahedral group contains no element of order 6,

the last possibility is precluded.
We have proved the following theorem.

Theorem 3.3 If F' is a number field and p a two-dimensional representation of the Weil group of F' of tetrahedral

type then the L-function L(s, p) is entire.

ii) Octahedral type. Rather than an octahedron I draw a cube in which I inscribe a tetrahedron. The subgroup of

&(K/F) which takes the tetrahedron to itself defines a quadratic extension E of F.

I

I

I

I

I

I

I

I

I

‘

‘
L
RSN R
,

’

The restriction P of p to W ; is of tetrahedral type; so I = 7(P) exists. If 7 € &(E/F') thenII” = 7(P7). Since
P™ ~ P we conclude that II” ~ II. Hence II is the lifting of exactly two automorphic representations , 7" of
G(A), one of which can be obtained from the other by tensoring with the non-trivial character w of F** NI e\ F.

We are no longer able to define m,s(p) uniquely; we take it to be either of the two representations m, 7’

We are only able to show that one of the mps(p) is in fact 7(p) in very special cases. We will exploit a result of
Deligne-Serre. There is a general observation to be made first. Suppose F is a cyclic extension of arbitrary prime
degree £ and p a two-dimensional representation of the Weil group of F'. Suppose in addition that the restriction
P of p to the Weil group of E is irreducible and that IT = 7(P) exists. Let 7 lift to II, and suppose that 7 is 7 (p’)

for some p’, perhaps different from p.
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If P’ is the restriction of p’ to the Weil group of E then P, = P, for almost all places of E and thus (see,
for example, Lemma 12.3 of [14]) P’ = P. Consequently, p = w ® p’ and 7(p) = w ® 7 exists, so that L(s, p) is

entire. Here w is a characer of F'* NE/FIE\IF.

Thus, for p of tetrahedral type and E the associated quadratic extension, we can conclude that one of 7 or 7’
is w(p) if we can show that 7 is 7(p’) for some p’. By the result of Deligne-Serre ([6]), this will be so if F' = Q and

the infinite component 7o, of 7 is 7(p/,,) where p,, = u @ v, u, v being two characters of R* with

w(x) = v(z)sgnw.

This is the condition that guarantees that the tensor product of m with some idéle class character is the automorphic
representation defined by a holomorphic form of weight one. We will not be able to show that 7, has this form
unless we assume that p, the infinite component of p, has the same form as p’_. Interpreted concretely this
means that the image of complex conjugation in the octahedral group is rotation through an angle of 180° about

some axis.

This axis passes either through the center of a face of the cube or through the center of an edge. If it passes
through the center of a face then complex conjugation fixes 2, which is therefore a real quadratic field. If v is
either of the infinite places of E, then 7 is equivalent to IT, and II,, = 7 (P, ). Since P, = po, the representation

T satisfies the condition which allows us to apply the theorem of Deligne-Serre.

Theorem 3.4 Suppose p is a two-dimensional representation of the Weil group of Q which is of octahedral type.
If the image of complex conjugation is rotation through an angle of 180° about an axis passing through a vertex

of the octahedron or, what is the same, the center of a face of the dual cube, then L(s, p) is entire.

There is one other condition which allows us to conclude that 7, is of the desired type. We continue to
suppose that the image of complex conjugation is rotation through an angle of 180°. If w, is the central character
of m and w), the determinant of p thenn = wwwp’l is of order two. Since its local component is trivial at all places
which split in E, it is either trivial itself or the quadratic character associated to the extension E. 7 has the
desired form if and only if 7 is trivial. If I is a real quadratic field then 7, is necessarily trivial, and so we
obtain the previous theorem. If F is an imaginary quadratic field then 7. is trivial if and only if 7 is; and 7 is

trivial if and only if 7, is trivial for some place of F' which does not split in F.

Theorem 3.5 Suppose p is a two-dimensional representation of the Weil group of Q which is of octahedral type.
Suppose the image of complex conjugation is rotation through 180° about an axis passing through the center of
an edge. If for some place v which does not split in I, the quadratic field defined by the tetrahedral subgroup,

the local representation p,, is dihedral then L(s, p) is entire.
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It is clear that 7, = wmwf(lpu). However 7, and 7(p, ) have the same lifting to G(E,,). Thus, by property (c)

of local liftings,

T(pv) = w ® Ty

with w of order two. We conclude that wy(,,) = wr,-



Base change 22

4. 0-CONJUGACY

Suppose F is a field and E is a cyclic extension of prime degree ¢. Fix a generator o of & = G(E/F). If x
and y belong to G(E) we say that they are o-conjugate if for some h € G(E)

y=h"tza(h).

Then

We set

Ifu=Nzand v = h~luh thenv = Ny.
Lemma 4.1 If u = Nx then u is conjugate in G(E) to an element of G(F).

Let F' be an algebraic closure of F' containing E. It is sufficient to verify that the set of eigenvalues of Nz,
with multiplicities, is invariant under &(F /F), or even under those o’ € &(F /F) with image o in &. Acting on

the set with ¢’ we obtain the eigenvalues of o(u), and

o(u) =z ux.

The invariance follows.

Suppose u = Nz lies in G(F). Let G,, be the centralizer of u and let GZ(E) be the set of all g in G(E) for
which

z =g x0(g).
The matrix z belongs to G,(E) and y — zo(y)z~! is an automorphism of G, (E) of order . It therefore defines

a twisted form Gy, of G,,. Clearly
Gu(F) = GZ(E).

If M is the algebra of 2 x 2 matrices and M, the centralizer of u, we may also introduce the twisted form M of
M,,. Then G, is the group of invertible elements in M, and it follows readily from the exercise on p. 160 of [28]
that

HY(8,G7(E)) = {1}.

Lemma 4.2 If Nz and Ny are conjugate then x and y are o-conjugate.

We reduce ourselves immediately to the case that u = Nz lies in G(F') and Nx = Ny. If 7 = 0" belongs to

& set

e =yo(y)--- o )" (@) o(a) e,
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Since Nz = Ny, ¢, is well defined and

CU.I}O'(CT).T_l = Cyr.

In other words 7 — ¢, defines a cocycle of & with values in GJ(E). Therefore there is an h satisfying
yr~ ' =c, =h tzo(h)z™?

and

y=h"tzo(h).

Occasionally in later paragraphs Nx will simply stand for an element of G(F') which is conjugate to

zo(z)---o'~1(x), but for now it is best to retain the convention that

Lemma 4.3 Suppose

withv # 0. Thenu = Nz for some x in G(E) ifand only ifa € NE*. Ifu = Nz and h € G(E) then h™*zo(h)

is upper-triangular if and only if h itself is.

If w = Nz then z € G,(F) and has the form
b by
0 b )"

Nbe(l try).

Consequently

0 1
The first assertion follows. To obtain the second we observe that if h~'zo (h) is upper-triangular, then h~ uh is

also.

Lemma 4.4 Suppose
w = al 0
o 0 ag
with a1 = ag. Thenu = Nz if and only if a; and ay lie in N E*. If y is upper-triangular then Ny is of the form
ay v
0 ag

ifand only ify = h™'xc(h) with an upper-triangular h. If k= xzc (h) is diagonal then h is of one of the two forms

(65) « (55)
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Since G, is the group of diagonal matrices the first and last assertions are clear. Suppose y is upper-triangular

o al v
Ny<0 a2).

Replacing y by g~ 'yo(g) with g diagonal we may suppose that

y:x(é 11’)
—(52)
()« 2 7)o ().

To complete the proof we need only verify the following supplementary lemma.

and

perhaps with a different v. If

then

Lemma 4.5 Ifb € E regard w — o(w) — bw as a linear transformation of the vector space E over F. The

determinant of this linear transformation is (—1)*(Nb — 1).

To compute the determinant we may extend scalars to £. Since
EQrE~(E® ---®F)
and the linear transformation becomes
(X1, ,m¢) = (2 —bxy, 23 —0(b) 22, -, 21 — O‘é_l(b)mg),

we are reduced to calculating

Elementary row and column operations yield the desired result.

Lemma 4.6 Suppose u € G(F) has distinct eigenvalues which do not lie in F'. Let E' = F'(u) be the centralizer
of win M(F).

(a) If E’ is isomorphic to E over F then u = Nz has a solution.

(b) If E' is not isomorphic to E over F and L = E' ®p E thenu = N has a solution if and only ifu € Ny g/ L.
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If T is the Cartan subgroup in which v lies and v = Nz then x € T(E) = L*. The second statement is
therefore clear. If £’ is isomorphic to E then E’ @ E is isomorphic to E' & E’ with E’ imbedded as {(y,y)}

Since o acts as (y1,y2) — (Y2, y1) every invariant is a norm.

Corollary 4.7 If F is a local field and u € G(F') has distinct eigenvalues which do not lie in F' thenu = Nx has a

solution if and only ifdet u € Ng,p E*.
This follows from the previous lemma and local class field theory.

Lemma 4.8 Suppose u € Z(F) = F*. If{isodd thenu = Nz, x € G(E), ifand only ifu € NE*. If{ = 2 then

u = Nz always has a solution.

Ifu = Nz then u? = det u € NE*. This makes the first statement clear. If { = 2 we may imbed F in M (F);

so the second statement follows from the proof of Lemma 4.6.

If F'is a global field and v a place of it we set I, = E ®f F,,. & acts on E,. Either E, is a field and

& = B(E,/F,) or E, is isomorphic to a direct sum of ¢ copies of F, and o acts as
($17 e axé) - (m27 e axbxl)-

Then
G(Ey) = G(Fy) x -+ x G(Fy).

fu=(u, --,u)liesin G(F,) C G(E,)and z = (u,1,---,1) thenu = NX; so at a place which splits in E every

element is a norm.

Lemma 4.9 Suppose F is a global field and u € G(F'). Then v = Nx has a solution in G(E) if and only if it has a

solution in G(E,) for each place v.

It is enough to show that the equation © = Nz can be solved globally if it can be solved locally. We know
thata € F'* liesin NE* if and only if it lies in NES for all v. If u is conjugate to an upper-triangular matrix the

desired result follows from this and Lemmas 4.3, 4.4 and 4.8. Otherwise we apply Lemma 4.6.
Observe that if u € F'* then the number of places v for which u ¢ N E* is finite and even.

We close this paragraph with a simple lemma which will be used frequently below. Suppose S is an abelian
algebraic group over F/, either a torus or the additive group G, and w an invariant form of maximum degree on
it. Let 7" be the group over F’ obtained from S over E by restriction of scalars and let v be an invariant form of

maximal degree on 7T'. The two forms w and v and the exact sequences

(4.1) 1—71t 7 Ne

(4.2) 1— 85172277
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yield forms p1 and p2 on Ti-°,
Lemma 4.10 The forms 11 and ji2 are equal, except perhaps for sign.

The lemma need only be verified over the algebraic closure F of F. Sowe may assume S is either G, or G,

and T is either G, X - -+ X Gg or Gy, X - -+ X Gp,. Suppose first that S is G. Then

Tl _ {(xh...we) ‘ Z xiO}.

We may suppose w is dz and v is dx1 A - - - A dzg. The pullback of dz to T'is Y dx; and the restriction of dz; from

T to S is dz. We may take 1, - - -, £,—1 as coordinates on T'=%. Then
pw1 =dxy A--- ANdxg_q.
Pulling back p1 from T to T we obtain
d(xy —x2) A d(xg —x3) Ao A d(xe—1 — T0).

Multiplying by dx; we obtain
(—1)271dac1 A Aday

so piz = (—1)*"'u;. A similar computation can be made for G,.



Base change 27

5. SPHERICAL FUNCTIONS

In this paragraph F' is a non-archimedean local field and O = O is the ring of integers in F'. We want to
study the algebra H of compactly supported functions on G(F') spherical with respect to G(O). A is the group

of diagonal matrices and X*, which is isomorphic to 72, its lattice of rational characters. Set
X, =Hom(X*, Z).

If w is a generator of the prime ideal of O then the map v — A(7), where A(v) € X, is defined by
()| = ] FA>

establishes an isomorphism of A(O)\A(F') with X.,.

it

A = |

If

set

and, if A(y) =0, let
Fr(v) = Ay) / F(g vg)dg.
A(F)\G(F)

If f € H then F(v) depends only on A(7); so we write Fy(\). This function is invariant under permutation
of the two coordinates of A, and f —meas A(O)F(\) defines an isomorphism of H with the subalgebra of the
group ring of X, over C, formed by the invariant elements. We may look at this in a slightly different way. X
may also be regarded as the lattice of rational characters of the diagonal matrices A(C) in GL(2, C), and every

element > a(A)) of the group ring defines a function

t— Y a(MA®)

on A(C). The symmetric elements are precisely the functions obtained by restricting the elements of the repre-
sentation ring of GL(2, C) to A(C). Thus H is isomorphic to an algebra of functions on A(C). Let f" be the

function corresponding to f.

There are a number of distributions, which will arise in the trace formula, whose value on f we shall have
to be able to express in terms of fV. We begin this paragraph by verifying the necessary formulae. Our method
of verification will be simply to check that both sides are equal for f = £, the characteristic function of a double
coset G(O)yG(0O) with A\(y) = A. Itis easy to verify that m()), the measure of G(O)yG(0O), is meas G(O) if
A= (k,k) and is

g > (1 + é) meas G(O)
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if X\ = (K,k), ¥ > k. g is the number of elements in the residue field of O and « is the root for which

<a,A>>0,thatis< a,\ >= k' — k.

Lemma5.1 If < a, A > > 0, then f(t) is given by

_ <aék> { 1 _ qilail(t)

q
mA) - 1+1 1—a-1(t) () + 1—alt)

Here \ is obtained from )\ by permuting its two coordinates.

Taking |a(t)| < 1 and expanding the denominators in a Laurent expansion we find that this expression is

equal to
meas G(O)A(t) <o, A>=0
meas G(O)q«yéb (A(t) + A1) <a,A>=1
<a,A> <a,A> . 1 <a,A>—1 .
sG(O)qg™ z At)a™(t) — - At)a™(t) p <a,A>>2.
meas G(0) 5 {7 A - £ T awa 0} <ans >

To verify the lemma we have only to calculate Fy, (1) explicitly.

Let A(y) = w and choose ¢ in A(F) with A(6) = \. To make the calculation we use the building associated
by Bruhat and Tits to SL(2, F). This building is a tree X, the vertices of which are equivalence classes of lattices
in F2, two lattices being equivalent if one is a scalar multiple of the other. The vertices defined by lattices M7, M>

are joined by an edge if there are scalars a and (3 such that
aMy D BMs D wall;.
7 #

If My is the lattice of integral vectors let py be the corresponding vertex. The action of G(F) on lattices induces
an action on X. Every vertex of X lies on ¢ + 1 edges. We associate to A an apartment 2. This is a subtree whose
vertices are the points tpg, t € A(F), and whose edges are the edges joining two such points. The apartment 2
is a line; every vertex lies on two edges. If p1, p2 are two points in X thereis a g in G(F) and a ¢t in A(F') such that

p1 = gtpo, p2 = gpo. I A(t) = (K, k) then |k’ — k| is uniquely determined, and is just the distance from ps to p;.

We may also associate a simplicial complex X’ to GL(2, F) = G(F'). The points are lattices, two lattices
M and M> being joined by an edge if M, ;) Mo ;) wMy or M ;) My ;) wMj;. We may define an apartment 2’
and the type of an ordered pair (p},p5). Itisa A = (¥, k), the pair, not the ordered pair, (£, k) being uniquely

determined, so that the type is in fact a double coset. There is an obvious map p’ — p of X’ to X.

The type of (yp’, p’) depends only on the orbit under A(F) to which p’ belongs. If 7(p1, p2) denotes the type
of (p1, p2) the integral

/ (g™ vg)dg
A(F)\G(F)
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is a sum over representatives of the orbits of A(F) in X’

ZT(W/.W):A meas Gy NA(F)\Gy .

Here Gy is the stablizer of p’. We may choose the representatives p’ so that the closest point to p in 2 is po. If pj,

is the vertex of X’ determined by the lattice of integral vectors and p’ = gpy, let d(p’) be defined by
det g] = |49,

Any point p lifts uniquely to a p’ with d(p’) = dist(p, po). We may also demand that the representatives p’ be
chosen so that d(p’) = dist(p, po). Then A(F') N G, will lie in A(O). The number of choices for representatives
satisfying the two conditions is [A(O) : A(O) N Gp]. Since

meas G, = meas G(O)

the integral is equal to

meas G(O
(5:1) meas AEO? Z

1.
T(vp',p)=A

The sum is over all p’ for which, in addition to the condition 7(yp’, p’) = A on the type of vp', p/,
d(p’) = dist(p, po) = dist(p, ).

This type of reduction will be used repeatedly, but without further comment, in the present paragraph.

We may suppose < ¢, ¢ > > 0and < a, A > > 0. We have to show that A() times the sum appearing in

<a,A> <o, A>

(5.1)isq~ = ifA=upu,q

(1 — %) if A\ = u+ na, n > 0,and 0 otherwise.

There are two possibilities which have to be treated in different fashions. Suppose ‘ g ’ # 1. Then we have

— \—o—o o o——
Po ”Y Po

The distance between pg and ypg is m’ — mif u = (m/, m). If the distance of p from py is k then the type of yp, p

the following picture

is 2k + m’ — m, provided d(p, po) = d(p,2), and the type of (vp',p’) is (m' + k,m — k). If k = 0 there is one
choice for p and if k > 0 there are ¢" (1 — %) Since

b1/2 a b1/2 m —m
4 e 4 -0
a

A() = |

a
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and

if A\ = (m' + k, m — k) the required equality follows.
Before treating the second possibility we establish another lemma.

Lemma 5.2 Suppose ’%‘ =1 and ’1 — %‘ = q~". Then the points of X fixed by +y are precisely those at a distance

less than or equal to r from .

Since G(F) = A(F)N(F)K, with K = G(O) and

any point of X is of the form tnpy, t € A(F'), n € N(F'). Moreover v fixes tnpy if and only if it fixes npo; and
dist(tnpo, A) = dist(npo, A).

We may index the vertices of 2 by Z, the integer z corresponding to the vertex

(10
Pz = 0 w? Po-

“ ) if and only if w*z € O. If z is the smallest integer for which w*z € O then

1
0 1
npy = po for z < 0. Otherwise

This vertex is fixed by n =

dist(npo,A) = dist(npo, p,) = dist(npg, np,) = z.

Pictorially,
npo o

Po Pz

1

Certainly v fixes npy if and only if n=!yn or y~'n~!yn belongs to K. Since

- 1 1-2
N ln 1'yn=(0 z ( ) a))

the lemma follows.
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To complete the proof of the first lemma, we have still to treat the case that | % | = 1. Let |1 -3 | = r so that

A(y)=q7" ) o

Po o—

If the distance of p from py is k + r with k& > 0 then the type of (vp',p’) is (m' + k, m — k), with m’ now equal to
m. There are ¢**" (1 — %) possible such points. If the distance of p from py is less than or equal to r the type of
(vp',p") is (m',m). There are
r . 1
1+ i(1-=)=gq"
X (og) s
such points. This gives the desired equality once again.

The group Ao (C) of elements in A(C) whose eigenvalues have absolute value 1 is compact. We introduce

an inner product in the group ring of X, by setting

< fi, f2 >:/A © Ji(t) fo(2).

The total measure of the group is taken to be one.

Lemma 5.3 Suppose v lies in Z(F') and u = A(v). If f belongs to H and

142 1—at) 1-a"l(t)

alt) = 2measG(O) 1—q ta(t) 1—qgla"k(t) M)

then
FO) =< fY, 0y >.

We verify this for f = fi. If A = (k' k), k' > k and p = (m, m) then both sides are 0 unless k¥’ + k = 2m.

If this condition is satisfied f" (), (t) is constant with respect to elements

(6 )

so that the integration may be taken with respect to

This gives
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times

L {71_2 hemy 122 zk—m}%.

210 Jjzj= (1 =gtz 1—qg 1271 z
Since k' > m > k this integral is seen by inspection to be 0 unless k' = m = k when it is 2. These are the required
values.

Corollary 5.4 If f1 and f2 belong to 'H then

- 1ty v l-alt)  1-a7l(t)
/G(F) f1(9)f2(g)dg = 721116&56*(0) /Ag(C) @) f2 () 1—q¢la(t) 1- q71a—1(t)'

Apply the previous formula for f = f1 x f5 and v = 1 with f5(g) = fo(g™1).

Let L
g 1—a() 1—a~1(t)
2 1—glat) 1—qgla i(t)

Then the family of function fy' is orthogonal with respect to v(¢) and

/ |AY (£)]Pv(t) = m(X\)meas G(O).
Ao(C)

(11
n0—01.

Lemmab5.5 Ifa € F*, n=ang,and it = A ((g 2)>,then

Let

/ f(g™'ng)dg
Gn(F)\G(P)

1 <flp>
measG,(0) 1-1 °

q

is equal to

Since {p’ € A'|d(p") = dist(p,po)} is a set of representatives for the orbits of G,,(F) in X', the integral is

equal to
1

meas G, (F) N Gy

meas G(O) - Z =
d(p")=dist(p,po)
7(np’,p)=X

when f = f. If 4 = (m, m) this expression is 0 unless A = (m + k,m — k), k > 0. If k = 0 the sum is

1 DA 1
meas G, (O) 2=0 ¢* measG,(0) 1— %'

If k£ > 0 there is only one term in the sum and it equals

qk

meas G, (0)’
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Comparing with the explicit expansion of fy we obtain the lemma. For these calculations we of course rely on

L
O

p Po

the diagram

If 7y is any semi-simple element in G(F’) with eigenvalues a and b we may set

Aly) = ‘(a ;bb) ‘1/2

and
B =a0) [ g ey
T(F)\G(F)
if T'is the Cartan subgroup containing .

Lemma 5.6 If f belongs to H and T splits over the unramified quadratic extension F' then

1\ measG,(0) 1 5 A(y) meas G(0)
q) meas T(0) /Gn(F)\G(F) Jlg™ ng)dg =2 g — 1 measT(0) /().

Here z € I is determined by |z| = |a| = |b|, and
n = zno.

The group T'(O) consists of all matrices in T'(F') whose eigenvalues are units.

The Bruhat-Tits buildings X and X’ over F may be regarded as subtrees of the buildings X(F”) and X'(F")
over F’. The torus T splits over F and we may introduce the associated apartments 2 (F’) and A/.(F"). They
consist of all vertices fixed by T'(O’) and the edges joining them. &(F'/F') operates on these buildings and,
because H!(&(F'/F),G(0")) is trivial, X and X’ are formed by the fixed points of (F’/F). The intersection
X N2Ap(F’) consists of py alone and X' N AL (F”) is formed by the points lying over py.

p TP
/0

o— Ar(F
Do o T()

The integral defining F, (7y) is equal to

meas G(O)
— 1
measT'(O) Zf(vp’.,p’):/\



Base change 34

where p’ runs over those points for which not only 7(vp', p’) = A but also d(p’) = dist(p, po). Since the closest
pointto pin A7 (F’) is pp and since the shortest path joining p to p must lie completely in X there are ¢" ™ ( 1+ %)
such points if £ = A(z) + (m, —m), m > 0,and A(y) = ¢~ ", and there are

T—lk 'rq+1 2

I+(g+1))Y . " =g

k=0 q—l_qfl

if A = A(2), but none otherwise. The lemma follows upon comparison with the calculations for the proof of

Lemma 5.5.

Suppose the torus T splits over a ramified quadratic extension F’. It is no longer X and X’ but their first
barycentric subdivisions X; and X} which are subcomplexes of X(F’) and X(F’). We may again introduce
Ap(F') and A/ (F") as well as the action of &(F’/F’). There is exactly one point pr of A (F") fixed by &(F’'/F)
and it is a vertex. If p is a vertex of X the closest point to it on A (F’) is pr. There can be at most two points on X
at a minimal distance from 27 (F’) and these two points must be a distance 1 apart in X, for every second point

on the path of shortest length joining them lies in X

p1 D2

o—o0—o0—o0— o—o0—o Q[T(F’)

px

There must be at least two such points p1, po, for the set of them is fixed by T(F),and T(F) contains an element

whose determinant has order 1, and which, as a consequence, fixes no point of X. Let § be the distance of p3 from

prin X(F).

Lemma 5.7 Suppose |det y| = |ww|*™*! and set u = (m + 1,m). If

—so1 -
() = QmZaszT(O) { g Z(tl)a(t) Tz qﬂggl(t) }
then
Fy(y) =< f", 0y >
for f¥ in H. Here T'(O) is the stabilizer of ply. in T(F).

Observe that by Lemma 5.2,
A(y) =q°?



Base change 35

for v must certainly interchange p; and ps and therefore ps is a fixed point of v at maximal distance from 27 (F").

Arguing from a diagram
D P

P1y' D2

Pr

as usual we see that F, (y) isOunless A = (m +1+7,m —r), r > 0 whenitis
meas G(O) .
(V) = 574"
meas T'(O)
Moreover < fY, ¢, >is0unless A = (m + 1+ r,m — r) whenitis

measG(O) . _s
2measT(0) 1

times

1 2" 1—qg 1zt 1—q 12 z7" ldz
2_/ {1 — - ( 71q - 11 Sl - ( 1q 73 — L1y : }_
7 Jjp= (1= 2 (I—2z"H(1—-q'2) (1-2)(1—gtz71) —z) z

This contour integral can be evaluated by shrinking the path a little and then integrating term by term. The first

two terms have no poles inside the contour of integration and yield 0; the last two integrals are evaluated by

moving the path to oo, and each yields the residue 1 at = = 1. The lemma follows.
If |det | = |w|*™ we may choose z € F so that || = |a|pr = ||
Lemma 5.8 If |dety| = |w|?*™ then

—s-1 meas G, (0) / 1 A(v) measG(O)
T Y g~ ng)dg —
measT(0) Ja, (rh\c(F) ( ) g—1 measT(O)

Fr(v) =¢ f(2)

with

n = zng.

IfA(y) = ¢ “thena >0, 2o — § — 1 is even, and -y fixes all points in X(F”) at a distance less than or equal

to 2« from Ap(F"). If j — 0 — 1 is even and non-negative there are

i=8—1

2q

points in X whose distance from 7 (F") is j. Certainly Fy, () isOunless A = (m +r,m —r), r > 0. Ifr > 01t

is equal to
meas G(0) | s
meas T'(O) e
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and if r = 0 it equals

meas G(O) Zza"s’l ;  measG(O) ¢ —q ¢
meas T (O) =0 T 7 Tneas T(0) qg—1
{p
Y4\ b2
p
o Ar(F’
P r(F)

The factor 2 disappears because the orbits under T'(F') are twice as large as the orbits under 7'(O). The lemma

follows upon comparison with the proof of Lemma 5.5.

1 =z
9t<0 1>k

with tin A(F) and k in G(O), weset A(g) = lifz € O and \(g) = |z|~2 otherwise. Then ¢n\(g) is 2¢n|w| times

If

the distance of gpg from 2L If A(y) # 0 set

A7 f) = A() /A e, 679Ny

If

lies in A(C) and f belongs to H we write
1) =3 as ()
)

Lemma 5.9 Let
_(a O
T=\o0 b
and let A\(y) = (m/,m) or (m,m’), m’ > m. If m’ > m then

In|w]| 1 g
A = — Sy ) 1 _ —
1(’%.]0) eas 1(0) E 7 +g=m+m ( qs)af(]vj)

|7 =3l>m’—m

with2s = |7’ — j| — (m' —m). If m’ = m then A1 (v, f) is equal to the sum of three terms:

In|w| 1 L
—_— G 1 —
meas A(O) ZJ +j=mi4+m ( qs> ag(j',7)

7' =31>0

and

(1 - 5) tnA(y) {

1
! -
meas A(O) 2ay(m’,m) + Zj/+j:m’+m F“f(] ,J)}

7' =341>0
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and, if A(y) = ¢~ and z € F* satisfies |z| = |w|™,

m G(O a— .
2¢n|w| %AEO; Zj::qu_Q (1 - 1) f(2).

It is enough to verify these formulae for f = fy. Suppose first that m’ > m. The integral appearing
in the definition of A;(v, f) is equal to %ﬁgg; times the sum over all p’ for which 7(yp/,p’) = X and
d(p") = dist(p, po) = dist(p, A) of 2¢n|w|dist(p, A).

P p

Y Po bo
The sum is empty unless A = (m/ +r,m —r), r > 0. However if this condition is satisfied it equals

1
2r (1 — —) q"In|w).
q

The sum appearing in the formula claimed for A (7, f) is also 0 unless A has this form when, by the explicit

expansion of fV(t), it equals

{-8)-0-) () b b

which is easily shown by induction to be

2rq"meas G(O).

If m" = m we base our calculation on the diagram

"

O0—O0—0—0— o—o0—o0—o0

A1 (7, fr) is certainly 0 unless A = (m + r,m — ), r > 0. If this condition is satisfied it equals

1\ measG(O)
D) T2 =2
In|w|(r + a)g ( q) meas A(0)” r >0,
or
_ meas G(O) o 1
2~ — J1— - =0.
¢ nf| meas A(O) ijojq < q> ’ r=0

The contribution

meas G(O) . 1
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is accounted for by the first of the three summands in the lemma. The contribution

meas G(O) 1

by the second, and the remainder, which is 0 for r > 0 and
meas G(O) a=1 . 1
20 N j-a (1 _Z
nle] meas A(O) Zj:o 4 ( q)

for r = 0, by the third.

The purpose of this paragraph is not simply to consider the algebra H by itself, but rather to compare it
with the algebra H g of spherical functions on G(E), where FE is an unramified extension of F' of degree ¢. The

comparison can be motivated by the point of view exposed in [20].

We have already seen that H is isomorphic to the representation ring of GL(2,C). With & = G(E/F) we
form the direct product

IG =GL(2,C) x &

which is the L-group of G. Let ® be the Frobenius element in &. The representation ring of GL(2,C) is
isomorphic, by means of the map g — g x ® from GL(2,C) to GL(2,C) x ® CLG, to the algebra §) obtained by
restricting to GL(2, C) x ® the representation ring of G, which is the algebra of functions on “G formed by linear
combinations of characters of finite-dimensional complex analytic representations of “G. 1t is the isomorphism

of H with $) which is now important.

We may regard G(E) as Gg(F) where G is obtained from G by restriction of scalars. Its L-group is formed
by setting
L~o
G = H® GL(2,0),

on which we let G act by right translations on the coordinates, and then taking the semi-direct product
Iap =G, x ®.
For simplicity index the coordinate g €G¢, corresponding to ®7 by j. Then
(P, he) ™ (g1, ge) X @ (B, hg)

is equal to

(hy'giha, hy tgahs, - hy tgehy) x ®.

Taking ho = ga2hs, hs = gsha, -+, hy = g1h1, and h; = h we obtain

(h_19192" 'géah51>"'71) x ®.
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Thus conjugacy classes in G which project to ® stand in a bijective correspondence with conjugacy classes
in GL(2,C). It follows easily that Hg is isomorphic to the algebra of functions $)r obtained by restricting the
representation ring of /G g to LG, x ®.
The map of G to G given by
gXT*)(ga”'mg) X T

yields a homomorphism $)g — $ and hence a homomorphism Hg — H. It is this homomorphism which must

be studied. If ¢ in H g has Fourier transform ¢V, then maps to f, which is defined by
FY() = ¢V ().

Fix o € 8, o # 1. We have observed thatif v € G(F), J € G(E), and v = N then G§ (E) equals GZ(F),
where G7 is a twisted form of GG,. We may therefore use the convention of [14] to transport Tamagawa measures

from G, (F) to G5(E).

Lemma 5.10 Suppose ¢ in Hg maps to f in H. If v = N§ then

/ P90 (g))dg = &(7) / flg"vg)dg.
G (E)\G(E) G (F\G(F)

Here &(7y) is 1 unless y is central and 0 is not o-conjugate to a central element when it is -1. Moreover if v in G(F)

is the norm of no element in G(E) then

/ flg™ vg)dg = 0.
G (F\G(F)

We check this when ¢ = ¢, the characteristic function of the double coset G(Og)tG(Og) = KgtK g, where
A(t) = A. X(E) and X'(E) are the Bruhat-Tits buildings over E. To prove the lemma we are unfortunately, but

probably inevitably, reduced to considering cases. Suppose first that J is a scalar so that G§ (E) = G(F).

Then

/ o960 (g))dg
G{(E)\G(E)

is equal to the sum over representatives p’ = gpj, of the orbits of G(F') in X(E) for which the type of the pair
(0o (p'),p') is A of
meas G(Og)
meas G(F) N gG(Og)g—'"

We choose representatives p’ so that d(p’) = dist(p, po) and so that dist(p, po) = dist(p, X). The reduction used

repeatedly before shows that the integral is equal to

meas G(Og

)
_ 7 E N . 1.
meas G(O) d(p )_Td(lsz((’; ’,’;?;Gilit(p X)
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IfA(0) = (m,m), thisisOunless A = (m+r, m—r), r > 0. Since dp = p, thetype 7(do(p’),p’)is A = (m~+r, m—r)

if and only if dist(c(p),p) = 2r.
p a(p)

X
Do

Since X is the set of fixed points of ¢ in X(F), the paths from pg to p and from pg to o(p) must start off in
different directions. In other words the initial edge of the path from pg to p does not lie in X. This shows that

there are
¢ —¢
¢"(1—¢"
possibilities for the p’ or, what is the same, the p occurring in the above sum if » > 0 and just 1if = 0.

To complete the verification in this case we have to evaluate

/ (), (1)
Ao(C)

with ¢, defined as in Lemma 5.3. Since A\(y) = ¢A(J), the integral is certainly 0 unless A = (m +r, m —r). If this
condition is satisfied it equals
mE ()‘) 1+ q_l —rl
2measG(O) 1+q* 1

times
1 1—g %t 1-27! l—z o, 1—q%" 1-271 1—z ) dz
2mi 1—2=t 1—-q¢ 1271 1-¢ 12 1—2¢ 1—qlz7! 1—q 1z 2
|z1=1

We have to show that this integral is

1— —L

9 q

1+¢-1
if r > 0 and

1 —/

g1t 4 .

14q~
ifr =0.

Once we shrink the circle of integration a little, we may integrate term by term. The first term will have only
one pole inside the new circle, that at 0, where the residue is 0 if » > 0 and qlfe if r = 0. The second term we

write as

1 1—2 | 22\, 1 l—q¢t 1-2z |
1—2¢ 1—qlz 1—qlz71z q* q* 1—20 1—qlz 1—q 1271 2
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The first summand is integratd by moving the path out. The residues are at ¢ and co and yield

1 Lot (o 0 r>0
=g T i U @) s =0

The second is integrated by moving in; the residues are at 0 and %. They yield

1 1 1—¢t ¢gt—-1 < 1)
1-—- . : +11——=)q.
qé 1_q—€ 1_q—2 q—l qé

If everything is put together the result follows.

Now suppose that v is central but § is not o-conjugate to a central element. Then as we observed in the

previous paragraph ¢ = 2. Moreover since E is unramified
|det 6| = |oz|?™ !

for some integer m. Let ¥ be the map p — do(p) of X(E) to itself. Then ¥ has no fixed points, for ¥ : gpy —

(60(g9)g9~")gpo and
|det(60(g)g™")| = |w|*" .

Suppose p; is a point for which dist (p1,Xp1) is @ minimum. Since 32 is the identity, ¥ defines an inversion
of the path of shortest length joining p; to Xp;. It follows immediately that dist(p1,¥p1) = 1. I claim that if
dist(p2, Xp2) = 1 then py € {p1, Xp1}. If not take the path of shortest length joining p2 to this set. Replacing po
by Xps if necessary we may suppose the path runs from py to p;. Then X applied to the path joins Yp, to Xpy,

and we obtain a non-trivial cycle
P2 2.p2

h >.p1

This is a contradiction.

The integral

/ o(g~260(g))dg
GZ(EN\G(E)

is equal to

meas G(Or) { 3 1}

meas G (E) NGy d(p')—d(p))=dist(p,p1)<dist(p,5p1)
‘r(p',Zp/):/\
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Here p} is any fixed lifting of p; to X(E). The sum is empty unless A = (m + 1+ r,m —r), r > 0, when it is

Zpl

equal

to ¢". Since G§(E) N Gy, is a maximal compact subgroup of G§ (E), we can easily verify that (cf. p. 475 of [14])

meas G(O)

meas G§(E) NGy = =

1351
Since A(y) must be (2m + 1,2m + 1), the integral
[ XCIN S
Ao(C)

is 0 unless A = (m + 1 + r,m — r). If this condition is satisfied this inner product is

mg (M) 1+q7! g T2 = meas G(Op) (1 n l) g2
q

2measG(0) 1+ q* ~ 2meas (G(O)
times
L. 17q7£272. 17271 . 1—2 ZZT+Z+17q7ZZe. 17271 . 1—=z2 Z?gr,e %(8:2)
2mi 1—27t 1—q1271 1—-q1z 1—2¢ 1—qlz7! 1-q1z P
|z|=1

This integral has to be shown to equal

-1
9l
qg+1

This can be done much as before. Once the contour of integration is shrunk a little, the integral of the first

term becomes 0. The second term is written as

11—zt 1 1_2_4 ey (1L +1—q*f 1—z7! 11—z
1—2¢ 1—qglz7! 1—qlz q* q* 1—2¢1—q 1271 1—g 1z

To integrate the first summand we move the path out. There is a residue at ¢ which yields

1 1—qg ! 1 g—1
: qlg-1)-(1-=]|=-—"— (£=2).
1—¢q" 1-q72 de-1) ( qe) q+1 (£=2)

For the second we move the path in; the residue at % is

(11).1‘11 __a-1
q 1—q2 q+1

If 7y is central but is not a norm then ¢ is odd and A(vy) = (m, m) with m prime to ¢. It follows immediately

that \(t¢) is always orthogonal to ., so that fV(v) = 0 if f is the image of ¢.
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We next suppose that

Then
u=x((g )0 =mm

and + is a norm if and only if ¢ divides m. It is clear that < f¥, >= 0 if £ does not divide m. Suppose then

1 v
=o(10).

Then G§(E) = G,(F). We may choose as a set of representatives for the orbits of G- (F') in X(E) the collection

7 = NJ. We may write

{p’ = np/,}, where z € Z, where p/, is defined to be that element of 2’ which projects to p, in 2 and satisfies

=0 1)

with z running over E/F + w™*°r. Observe that

d(p’,) = dist(p., po), and where

meas Gy . measG(Og)
meas Gy NG (F) 7 Tneas G,(0)

Moreover 7(Xp’,p') is (k +r,k —7), k = . with r equal to 0 if

order(o(z) —x —v) > —2

and equal to

—order(o(z) —z —v) — z
otherwise.
Thus

/ ox(g~ 00 (g))dg
GZ(E)\G(E)

is equal to 0 unless A = (k + r, k — r). Since trace(c(z) — x — v) = 1, the order of o(x) — = — v is always less
than or equal to 0. If we assume, as we may, that order v = 0, then ord(c(z) — & — v) is ord(o(z) — z) if this is

negative and is 0 otherwise. If A = (k, k) then the integral equals

meas G(Og) Zoo _._measG(Op) 1
meas G (O) z=0 - measG,(0) 1—q 1

If A\ = (k+r k—r)withr > 0 then the integral is

meas G(Op) [ (1) o0 —z (-1) 1-
I T . T z s 1 _
meas G (O) {q ¢+ Zz:frJrl ¢ (1=¢)

which equals
measG(Og) 1—q¢7 ¢
meas G, (0) 1—q~! '
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Since we can easily compute

[ siem
Ao (C)

by using the explicit expansion of ¢y, the required equality follows from Lemma 5.5.

We have still to treat the case that -y is regular and semi-simple. Let T be the Cartan subgroup containing .
If v = N§ then § also belongs to T'. If T' is A then 7y is a norm if and only if i = A(y) = (m/, m) withboth m’ and
m divisible by £. Since

/ Flg7 vg)dg = A(v) " Fy(v)
A(P\G(F)

this integral is certainly 0 if m’ and m are not both divisible by ¢. However if ¢ divides m’ and m and ¢ = ¢,

with A = (K, k), the integral equals

meas G(O) Lt
meas A(O) 2 SR ! = i m =tk
meas A(O) (V" q m ,m
and
meas G(O) 1L —k) » ) /
- =0k —r>m=
meas A(O) A~ e (1—q¢ %) m' =LK —tr>m="0k+{r,r >0

but 0 otherwise.

The integral

6:2) [ oo
A(F\G(E)
is equal to

meas G(O)
meas A(O) 0) Zd(ﬁ) dist(p,po)=d(p,2) 1+

T(Zp'p")=A
’

If m’ # mthen A(y) = ¢~ = and the relevant diagram is

p a(p) >.(p)
O\

If d(p, po) = r then the type of (Xp’,p’) is (m’ + r,m — r). For a given r, there are
qer(l — q*Z) r>0

or

possibilities for p or p’. The equality follows.
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Suppose m’ = m and A(y) = ¢~%, o > 0. Then  fixes all points in X(E) which are at a distance at most o
from 2, but no other points. We so choose ¢ that N9 lies in G(F') and take v = NJ. If, as usual, ¥ : p — do(p)
then 2p = ~p so that ¥ fixes p only if v does. Suppose X fixes p and dist(p, ) < a. Then 7 fixes all points
which can be joined by p by an edge. If p = gpo these are the points gkp1,k € K = G(Og), p1 being one of
the points in the apartment 2 adjacent to pg. Thus g_l'yg € G(Og) and has trivial image in G (kg), if K is the

residue field of Og. Moreover

po=g 'p=g""Sp=g "60(g)po;

so g 160(g) € Kg. Since

(g "00(g9))o(g™ o0 (g))- -0 (g 0o(g)) = g "9,

we conclude that g~16c(g) defines a cocycle of & in G(rg). But all such cocycles are trivial; so we may suppose,

upon replacing g by gk, that the image of g~ 1do(g) in G(kg) is 1. Then
S(gkp1) = g9~ 00 (g)a(k))pr = go(k)p:.

This is equal to gkp, if and only if k1o (k)p1 = p1. It follows that the number of points in X(E) which can be

joined to p by an edge and are fixed by ¥ is the same as the number of points in X which can be joined to pg by

p \ : D
o—o o—o—o0——o0
bo

The integral is certainly 0 unless A = (% +r, 7 - r) , v > 0. If X has this form and r > 0 the value of the

an edge, namely ¢ + 1.

The relevant diagram is now

integral is

meas G(OE) a—1 _Or 1—¢ o 1 lr meas G(OE) a+Lbr —Llr
e 1— 1- = = =B e 1—
meas A(O) {q ¢'(l=a)+a q 1 meas A(O) e (1=q)

andif r = 0Oitis

(o3

meas G(Og)
meas A(O) e

This again yields the correct result.

We suppose next that 1" is not split over F' but that it splits over £. Then ¢ = 2 and the equation v = N¢
can always be solved. If the eigenvalues of § are a, b those of vy are ac(b), bo(a). X has exactly one fixed point in
A7 (E) and this point is a vertex or not according as the order of the eigenvalues of v is even or odd. If it is odd,

say 2m + 1, then the diagram to be used is
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P? f 2P
o o—o0—o0 Q[T(E)

D1 Zpl

The integral (5.2) (with A replaced by T'),is 0, unless A = (m + 1+, m —r), r > 0 whenitis

meas G(Og) ., 4

(5:3) meas T(0)

for the only forbidden initial direction for the path from p; to p is the edge joining p; and Xp;. Define z € F'* =
Z(F) by |z| = |ac(b)| = |bo(a)] the set

n = zng.
If we appeal, as we shall now constantly have occasion to do, to the calculations made for «y a scalar or a scalar

times a unipotent we see that (5.3) equals A(y)~! times

1\ measG,(0O) / 4 2A(v) meas G(O)
14 =) Beastmit]) ng)dg —
( q) meas T(O) G (FO\G(F) Flg™ ng)dg g—1 measT(O)

f(2)

if f is the image of ¢5. Observe in particular that the integral appearing here is 0 because the order of z is odd.

In any case the desired equality follows from Lemma 5.6.

If the order of the eigenvalues is even, say 2m, then the diagram to be brought into play is:

P"_x in
o— 0——0——0——0——0 Q[T(E)

Thus (5.2) is O unless A = (m +r,m —r), > 0. If A(y) = ¢~* and ) is of this form then it equals

e AU CRURE DI ETARE

meas T'(O)
or
« Lr 12
(55) meas G(OE) atlr g+1 . (1 . qfé) _ 2q (1 q )
meas T(O) g—1 q—1
ifr > 0, and
meas G(Og) a=1 . meas G(Og) -2 qg+1
. s e 1 il = o 47 -
(5:6) meas T'(O) {1+(Q+ )ijo ¢ } measT(0) |qg—1 ta qg—1

if r = 0. Our previous calculations show once again that this is equal to (5.4), so that we have only to appeal to

Lemma 5.6.
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Suppose that T does not split over E but that it does split over an unramified extension. Then ¢ is odd. If
the order of the eigenvalues of 7y is m then 7y is a norm if and only if ¢ divides m. It is clear from Lemma 5.6 and

the cases previously discussed that

(5.7) / flg~vg)dg =0
T(F)\G(F)

when f is the image of ¢, if £ does not divide m.

Suppose ¢ divides m. Let E’ be the quadratic extension over which T splits and let A(y) = ¢~¢. There is
one point, denoted p1, in Ap(EE’) N X(E)

P"\ D

P

o Ar(EE)

We can analyze the fixed points in ¥ in X( E') and evaluate (5.2) asbefore. ItisOunless A = (% +r, 7= 1") , >0,

when it is given by (5.5) and (5.6).

Itremains to treat the case that T' splits over a ramified quadratic extension E’. We shall appeal to Lemmas 5.7
and 5.8 as well as to some of our previous calculations. We know that + is a norm if and only if det v € Ng,p E™,

that is, if and only if the order of det y is divisible by £.

The apartments 27 (E’) and Ay (EE’) are the same. Since this apartment is fixed by
&(EE'/F), the vertices in X(E) closest to it lie in X. Let them be p1, p2 as before

Pl\ P2

pr

o—

o Ar(E')

We have all the information needed to calculate (5.2) (with 1" replacing A) at our disposal. If the order of

det v is odd, say 2m + 1, then X interchanges p; and p», and (5.2) is 0 unless A = (m+14+rm-—r), r>0,

when itis
meas G(Og)
meas T'(O) 1
If { = 2 thisis
—1 measG(O
D) s2)

q—1 measT(O)

if z € F* and order z = 2m + 1. Since the order of z is odd

/ flg™ ng)dg =0
Gn(F\G(F)
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for n = zng; so we may conclude by an appeal to Lemma 5.8. If £ is odd we have to appeal to Lemma 5.7. This
forces us to evaluate

< Sl >

(5:8) A()

If the order of det y is 2m’ 4 1 the inner product is certainly 0 unless A = (k’, k) with £(k’' + k) = 2m/ + 1,

and this implies in particular that it is always 0 unless ¢ divides 2m’ + 1. If £ divides 2m’ + 1, so that we can solve

v = N0, then{(2m + 1) = 2m’ + 1 and m' = ¢m + “;1) . When these necessary relations between k’, k and m’

are satisfied the expression (5.8) is equal to

Lr+L—1

q z meas G(Og)
2 meas T'(O)

times

041

1 / 1—qtzt i+ +1 B T e T el W ¥
1—2=¢ 1—q 1271 1—27¢t 1—-qlz 1—2¢ 1—qg 1271 1—2¢0 1—qlz '

211 z

|z|=1

We again shrink the contour a little and then integrate term by term. The first two integrals are 0. For the last two
we push the contours out to infinity. The only residues are at 2¢ = 1 and they are independent of » > 0. We may
therefore evaluate the last two integrals by setting 7 = 0 and shrinking the contour to 0. The third integral then

has residues at % and 0, which yield altogether

20

1—q¢7* L1 _t
- 2 — 2 = 2 .
= q q
The residue at 0 is easy to calculate because £ — (”Tl) = 5771 is positive, so that it is the same as the residue of
0+1
27T
z—q v

—1

The fourth has a residue only at 0 and there it is q_( 7). The desired equality follows.

2P

pr

If the order of dety is even, 2m’, but not divisible by ¢ then Lemma 5.8 together with some of the previous

calculations show that (5.7) is 0. Suppose v = N¢ and order (detd) = 2m. Then ¥ fixes p; and p and the
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integral (5.2) is O unless A = (m +r,m —r), r > 0. Let A(y) = q*%*a. Here « is necessarily integral. If

A = (m+r,m —r) withr > 0 the integral (5.2) equals %JS(OOE)) times

1 a=1 . 1 qff qlr 3
or or « or a 1-¢
1—-— —— J . — . . [ .
q ( q@_l) (E j_oq)ﬂz “=q" ey (e

If r = 0 it equals %T((OOE)) times

YU od= oL
=0 -1

1—g¢q g—1

Our previous calculations show that these expressions equal

¢~ measG, (0) 1 measG(O)

1 .
A(y) measT(0) /Gn(F)\G(F)f(g ng)dg qg—1 measT(0) /)

if z € F'* and order z = m’. We have now merely to appeal to Lemma 5.8.

Lemma 5.10 is now completely proved but the tedious sequence of calculations is not quite finished. There

is one more lemma to be proved, but its proof will be briefer.

The function A(g) was defined in the preamble to Lemma 5.9. If § € A(E) and G (E) C A(E) we set

A1(6,6) = A() / o960 (9)A (9))dg
A(F)\G(E)
with v = N§.

Lemma 5.11 Suppose ¢ maps to f. Then
(A1 (7, f) = A1 (0, 9).

Let
= (53)
and let |a| = |w|™, |b| = |w|™. Suppose first that m’ > m. The relevant diagram is
P 2P
- %
Po >_1Po

If = ¢ then A1(5, ¢) isOunless A = (m' +r,m —r), r > 0, wheniitis

¢ measG(Og) . 1
2rA(vy)en|w| s A0 q 1 )

Ay (v, f) may be computed by combining the formula of Lemma 5.9 with the explicit expansion of ¢Y. This yields

meas G OE - 1\ _ ..
2A(’Y)€n‘w‘ f Zg+] =m'+4+m (1 - %) a¢(]7.]/)

measA
j>m —-m
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if meas G(Op)ag(j,j') = ap(j,5"), for

The above sum is

() () o) (o gem) + () = (-3)

as required.

Now take m’ = m. Let A(y) = ¢~

o—— o0——o0—o0

A1(8, ¢x)is O unless A = (m +r,m —r), r > 0, when it is

j=1
if r > 0and
_ G(Og) a 1
1 20~ ¢ MeastUg) Jl1-2Z
(5.10) a~"nf| meas A(O) ijojq q

if r = 0. We sort this out and compare with the formula for A, (7, f) given by Lemma 5.9

1 1 a—1 . 1 1 1
lr o Ird+a
q {( qé—1> < qé—1> Zj:l q q q q q qé

This yields the part corresponding to the first summand of the lemma.

The second summand of the lemma equals

1 meas G(Og)
(1 q) aln|=] meas A(O)

times

r—=1 1 1 1
lr _ Or
{3 (o) )

1
e (1-7)

in the parentheses of (5.9) or by the last term of (5.10).

and is therefore given by the term

This leaves from (5.9)

¢ measG(Og) o, (. 1 al oo, 1
i meas A(O) @ ! g1 ijojq 1 q
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and from (5.10)

G(OE) a=1 . 1
5 , meas j—a (1 1Y)
trle] meas A(O) Zj:l 4 q

We know from the calculations made in the proof of Lemma 5.10 that these two expressions are equal to the last

summand of Lemma 5.9.

We now have all the formulae for spherical functions that we need, but unfortunately for the wrong spherical
functions. Suppose £ is an unramified character of Ng,pZ(E) and ‘H' is the algebra of functions f’ on G(F)

which are bi-invariant with respect to G(O), of compact support modulo Ng,rZ(FE), and satisfy
f'(zg) :f_l(z)f/(g) z € NE/FZ(E)'

Multiplication is defined by

/ Fl(gh™Y) F(h)dh.
Ng,rZ(E)\G(F)

The map f — f’ with
Fo= [ feoee:
Ng,rZ(E)

is a surjective homomorphism from H to H'. There is a simple and obvious relation between the orbital integrals

of f and f’ as well as between A1 (7, f) and A; (7, f'). For example

M) = [ Menneed
Ng,rZ(E)
If £g is the composite of { with the norm we may define H'g in a similar manner. If ¢’ € H'g then

¢'(z9) = £, (2)¢ (g) for z € Z(E). Moreover ¢ — ¢’ with

¢'(9) = /Z(E) ?(29) Ep(2)dz.

There is also a commutative diagram
H — Hy

_—

H — Hg

If ¢’ — f’ then an analogue of Lemma 5.10 is valid.

/ ¢'(97 " d(g))dg :/ (g™ v9)dy.
Z(E)GZ (E)\G(E) G (FI\G(F)
To verify this we begin with
/ [ et letedads = [ £ 9)ds
Z(E)G3(B)\G(E) JZ(F)\Z(E) G~ (F\G(F)
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Replace & by dv, v € Z(F) and hence by § Nv. Both sides are then functions on Z!=7(E)\Z(E). Multiply by

£71(2) and integrate. The right side becomes

/ f' (g7 vg)dg.
Gy (F)\G(F)

Because of Lemma 5.10, the left side is

/ ¢’ (9760 (g))dg.
Z(E)G3(E)\G(E)

In order that the analogue of Lemma 5.11 be valid, we must set

Ai(6.6)) = A(3) / o9~ 60 (9)A(g)dg.

Z(E)A(F)\G(E)

It is not difficult to see that 7’ is isomorphic to the algebra of functions on

0 0) € A©)| (aB)’ = &)’
() }

obtained by restriction from some fV, f € H. This enables us to speak of (f’)". Every homomorphism H' — C

is of the form
rew(y g e =g

We may also speak of (¢/)V.



Base change 53

6. ORBITAL INTEGRALS

The study of orbital integrals was initialed by Harish-Chandra in his papers on harmonic analysis on
semi-simple Lie groups; the same integrals on p-adic groups were afterwards studied by Shalika. Some basic
questions remain, however, unanswered. If they had been answered, much of this paragraph, which provides
the information about orbital integrals, and twisted orbital integrals, to be used later, would be superfluous. But
they are not and stop-gaps must be provided. No elegance will be attempted here; I shall simply knock together

proofs out of the material nearest at hand.

Let F' be a local field of characteristic 0. If f is a smooth function with compact support on G(F'), T is a

Cartan subgroup of G over F, and 7 is a regular element in 7'(F') then we set

Ps(y,T) = / flg~vg)dg.
T(F\G(F)

The integral depends on the choice of measures on G(F') and T'(F’), measures which we always take to be defined
by invariant forms wr and wg. When it is useful to be explicit we write ® ¢ (v, T'; wr, wg). Since they complicate
the formulae we do not use the local Tamagawa measures associated to forms w as on p. 70 of [23] but simply the

measures |w|, which could be termed the unnormalized Tamagawa measures.

It was observed on p. 77 of [23] that the map v — Ch(vy) = (trace+y,det) of G to the affine plane X is
smooth except at the scalar matrices. If a € X is given then a two form ;1 on X which is regular and does not
vanish in some neighborhood of a may be used to define an invariant form p’ on G, \G if  is regular and Ch(~y)

is close to a. Set

Pr(vy,p) = / flg™ vg)ldy).
G (F\G(F)

If v € T is regular there is a form wr(u) such that

Qp(y, 1) = @4(T, v;wr(p),wa).

wr(p) depends on 7.

We shall call a function ya,T — ®(v,T) = ®(v,T;wr,we) an HCS family if it satisfies the following

conditions.
(i) If wh = awr and w = fwg with o, § € F* then

q)(’va;w’/valG> = ‘g‘@(’%T;wvaG)'

(i) If h € G(F), T' = h™1Th, 4/ = h='vh, and if wy- is obtained from wy by transport of structure then

O, T wrr,wa) = ®(y, Ty wr, wa).
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(iif)

(iv)

For each T,y — ®(v,T) is a smooth function on the set of regular elements in T'(F') and its support is

relatively compact in T'(F').

Suppose z € Z(F) and a = Ch(z). Suppose u is a two-form on X which is regular and non-zero in a
neighborhood of a. There is a neighborhood U of a and for each T two smooth functions ®'(vy, T’; i) and
®”(y,T; 1) on

Ty(F) ={y € T(F)|Ch() € U}

such that

(I)('Y’ T wT(M)7 wa) = q)/(7> T,p) - meaS(T(F)\G/(F>)q)I/ (77 T :u)'

Here G’ is the multiplicative group of the quaternion algebra over F. In the exceptional case that T is split,

when G’ may not exist, the function ®” (v, T'; 1) is not defined and we take
meas(T(F)\G'(F)) = 0.

Otherwise we regard 7' as a subgroup of G’. The measure on T is to be |wr ()| and that on G’ is given by the
conventions on pp. 475478 of [14]. If I is archimedean, X belongs to the center of the universal enveloping
algebra and X is its image under the canonical isomorphism of Harish-Chandra [25] then the restriction of

X7®' (v, T, 1) to Z(F) must be independent of T'.

Lemma 6.1. The collection {®(~y, T} is an HCS family if and only if there is a smooth function f with compact

support such that

O(v,T)=@¢(v,T)

forall T and ~y. Then for z € F* = Z(F)

with

and,

(2, T, ) = ®s(n,p)

(11

(2, T, 1) = f(2).

if T is not split,

If F is archimedean, X belongs to the center of the universal enveloping algebra of the Lie algebra of T' and Xt

is its

and

image under the canonical isomorphism of Harish-Chandra then

Xr®'(2,T;p) = ©x¢(n, 1)

X7r®"(2,T;u) = X f(2).
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If F is non-archimedean this is simply Lemma 6.2 of [23]. I observe however that in the formula for a” (7)
on p. 81 of [23] the function &(z) should be replaced by
£(2)

1/2°
|det 4],/

In addition the discussion there is complicated by an infelicitous choice of measures.

That the family {®(vy,T)} satisfies conditions (i)-(iv) when F' is archimedean is also well known but
condition (iv) is usually formulated somewhat differently when 7" is not split. To reduce (iv) to the form usual
for a T' which is not split we remark first that if it is valid for one choice of i then it is valid for all. Choose (i to be
the standard translation invariant form dzidz> on X. A simple calculation shows that wr(p) is, apart perhaps

from sign, the form 7, on p. 79 of [23]. Thus if

and
_ dadb
wr = a2 + b2
then
(v, T wr(p),wa) = 2|82 (7, T wr, wa)
for

(o B
= (5 )
Moreover if we take measures with respect to wy rather than wr(u) then meas(T(F)\G'(F')) must be replaced

by
2|B|lmeas(T(F)\G'(F)).

The measure is now a constant.

Condition (iv) says simply that for any integer n > 0

n—1

2B12(7. Trwhowe) = 3 ila) A5+ 3 wn(a)|8F +0(81")

k=0

near 3 = 0. The coefficients are smooth functions of c. Since the left side is in any case an even function of 3, this
relation says simply that its derivatives of even order with respect to /3 are continuous and that its derivatives of

odd order are continuous except for a jump at 3 = 0 which is continuous in . All this is well known [31] as are

21,29 € C}

the additional properties of the family {®;(~,T)}.

eF1tz2 0
T(C) = { ( 0 621—22)

If Fis C and
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then the image of the center of the universal enveloping under the canonical isomorphism is generated by

9 9 9* 9

9ot 050 9230 95 Moreover there is a function ¢(a) on Z(C) such that

(@) = elo) g (0, Tig) 0 € Z(0)

We must still verify that if {®(y,T')} is an HCS family then there is a smooth function f with compact
support such that {®(v,T)} = {® (v, T)}. The field F' may be supposed archimedean. If on each T the function
v — ®(v,T) is 0 near Z(F') we may proceed as in the proof of Lemma 6.2 of [23] to establish the existence of f.

We must reduce the general problem to that case.

It is simpler to treat the real and complex fields separately. Suppose F' = R and

({3 9)moen)
B{<aﬁ g) |O‘7ﬂERaO‘2+627éO}-

If ¢4 and g are functions on A and B which satisfty ¢4 () = pa(t), pp(t) = pp(t), and pa(z) = pp(z) for

z € Z(R) there is a function ¢ on X

(6.1) pa(t) =(Cht)  p(t) = ¢(Cht).

et 0
t_a(O e‘“)

If

then
Cht = (a?,2acoshu)
and if
f—qof 8 6 sind
- —sinf cos@
then

Cht = (a?,2a cos?).
Thus 1 is smooth on {(z1, x2)|z1 # 0} if and only if ¢ 4 and ¢p are smooth and

d2n d2n
gz #B(2) = (C1)" o pa(2) 2 € Z(R).

(6.2) pat) =@, Tiwr(p),we) A=T(R)
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(6.3) ep(t) = @, T;wr(p),ws) B=T(R)

and {®(v,T)} is an HCS family this is so if and only if X7®"(~y, T'; ) vanishes on Z(R) for all X in the center

of the universal enveloping algebra.

Since the map ¢ — Cht is smooth away from Z a simple argument involving a partition of unity establishes
that if X7 ®" (v, T, u) vanishes on Z(R) for all X, so that the function ¢ defined by (1) is smooth, then there is a
smooth compactly supported f such that {®(v,T)} = {®s(v,T)}.

This granted we argue as follows. Given an HCS family {®(y,T')} there is ([29]) an f in the Schwartz space
such that

{e(v, 1)} = {27 (v, T)}-

We may suppose that
{z € R*|z = det g for some g with f(g) # 0}

is relatively compact in R*. We write f = f1 + f2 where f} is compactly supported and f> vanishes near Z(R)).

Replacing ®(~y, T) by ®(v,T) — @y, (v, T'), we obtain a family to which the argument above can be applied.

A:{(‘g g) |a,ﬁeCX}.

Ch:a <€0 602> — (a?,2a cosh 2).

If Fis Clet

Then

Here z = x + iy lies in C. If ¢ is a smooth function on A satisfying () = ¢(t) we define ¢ by

(6.4) P(Cht) = o(t)

1) is smooth if and only if the formal Taylor expansion of ¢ about z = 0 has the form

ZOO Pn(x2 - yany; Oé)
n=0

where P, (2? — y?, zy; ) is a polynomial of degree n in 2* — y?, zy whose coefficients are smooth functions of
a. We may also write

Po(a? = y?,zy;0) = Qu(2%,7% ).
It is easily seen that the expansion of y has this form if and only if

82 a2m a2n
9207 022m 97n ¥

vanishes on Z(C) for every choice of m and n.
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This allows us to proceed as before. We choose f in the Schwartz space of G(C) so that {®(y,T)} =
{®f(v,T)} (129]), then write f = f1 + fo, where f1 has compact support and f; vanishes near Z(C), and replace
&7, T) by B(3,T) — &, (3, T). T T(C) = Aand

then the function ¢ defined by (6.4) is smooth; so we may exploit the smoothness of t — Cht away from Z(C)

once again.

The purpose of this paragraph is however not the study of orbital integrals by themselves but the comparison
of orbital integrals with twisted orbital integrals. Let E by a cyclic extension of prime degree ¢ and ¢ a fixed

generator of (E/F). If ¢ is a smooth, compactly supported function in G(E) and ¢ lies in G(E) we consider

/ P9~ b0 (g))dg.
GZ(ENG(E)

That these integrals converge will be manifest shortly.

It is clear that, sufficient care being taken with regard to measures, the integral depends only on IV§. If
v = Nd lies in G(F) then G§(E) = GJ(F) and the principles of §15 of [14] may be used to carry measures from

G (F) to G§(E). Such a transfer is implicit in some of the formulae below.

We define a Shintani family {W4(,T)} associated to ¢. For this we have to fix for comparison a form wg
on G over F as well as a form wg on G over E, and we define ¥ (v, T; wr, we) at first only for this one choice.

We extend the definition to other forms by Property (i) of an HCS family. If v in T'(F) is regular we set
Uy (7, Thwr,wg) =0
if v = NJ has no solution. If it does we set

(v, T;wr, wg) = / d(g~ 60 (g))dg.
G (E)\G(E)

Since G§(F) = T(F'), we may take the measure on it to be that defined by wr. The measure on G(F) is that

defined by wg.

If G’ is the group over F obtained from G over E by restriction of scalars then ¢ — Ch(/Ng) may be regarded

as a morphism from G’ to X over F. Indeed over F/
G ~Gx-xG

and

N(gi,---,9¢) = (9192 - Ges G2 - Gegi, - -+, Gegi, - -~ Go—1)-
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Hence

Ch(Ng) = Ch(g1---ge)-

Itis clear that this morphism is smooth off the locus Ng € Z. Thusif § € G(E) and N¢ ¢ Z(F') we may associate
to a two-form p on X which is regular and non-zero in a neighborhood of Ch(Nd) a measure on G§(E)\G(E)

and hence

By (5, 1) = / o(g~ 60 (g)).
G{(E)\G(E)

We introduced earlier the form wp(p) on 7T'. Itis independent of w¢. If ¢ is the restriction of Ch to T then at

_ P
det((1 —Ady~1)pg)

wr (k)

because under the map (¢,g) — (g~ 'tg) of T x T\G to G the vector (X,Y) in t x t\g, a tangent vector at (¢, 1),
is sent to

X+ (1-Ady Y.

If E is any finite extension of F' and v the character on F' used to define measures we may define ¢)g on E
by
YE(z) = Y(traceg /pa).
If Y is a non-singular variety over E, v, - -, ym local coordinates on Y, and a1, - - -, a¢ a basis of ¥ over I’ then

we may introduce local coordinates y;; on Y, the variety over F' obtained from Y by restriction of scalars, by the

partially symbolic equations
Yi = Zj Yija;.
If w¥ is a form of maximal degree on Y given locally by

wf = ey, ym)dyr A A dym

we define w’ on Y’ by
Xjym
w'= Ng/pe(yr,- -, ym)(deta;”)"dyiy A Ndyre Adyar A-- - .

Here {);} are the imbeddings of E into F and the norm is defined in an algebro-geometrical sense. w’ is not
necessarily defined over F. But it is invariant up to sign under &(F/F) and hence the associated measure |’

onY'(F) = Y (FE) is well defined. It is equal to that associated to w®.

These remarks apply in particular to our cyclic extension £ and wg. The form w(; obtained from it, the
form (i, and the morphism Ch(Ng) together define, for each ¢ in T'(E) with v = N§ regular, a form w/.(u) on T
satisfying

(v, T, wi(n), wg) = (6, p).
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This elaborate introduction of w/-(4) is pretty much in vain because w/- (1) is independent of w& or w(; and equals

wr (), except perhaps for sign.

To see this begin by choosing a section of G’ — T\G’ so that the Lie algebra g’ becomes t @ t\g’. We may
also write

t\g' =t\t &om

with m ~ t'\g’. The quotient t\t' may be identified with ¢! ~°. We write
w/G = w1 Nwy A\ ws

where wy is a form on t, ws a form on 177, and w3 a form on m. If s is a section of

72
N

which takes 7 to §, then the map of T' x T\G’ to G’ given by (t,g) — g~ 's(t)o(g) has the following effect
on the tangent space t & t\g’ = t & t'177 & mat (J, 1). If m is chosen to be invariant under the adjoint action of
T’ the vector (z,y, z) is sent to

(z,y,2 — Add 1o~ 1(2)).
The section s is not rational, but analytic or formal, according to one’s predilections.

The form w; A ws is constructed from w1, wo and the sequence
1 —T 72271 1,
By Lemma 4.10 we may also construct it starting from
11—t 7 N
Therefore pulling w; A wa A ws back to T' x T\G’ we obtain
det((1 — Ad’yfl)|t\g)w1 A wa A ws.

We conclude that if

" (1) = Awr

at y then
det((1 — Ady™ ) g)wr (1) = Awr

there as well. Our assertion follows.

These cumbersome remarks out of the way, we may state the principal lemma of the paragraph.
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Lemma 6.2 A Shintani family is an HCS family. An HCS family {®(v,T)} is a Shintani family if and only if
®(vy,T) = 0 whenever the equation v = N has no solution. Moreover if {®(v,T)} = {V(v,T)} then the

function ®' (v, T, 1) satisfies
0, z ¢ NS(E),

/ —
(2, T, p) = By (6, 1), Z((l) 1)]\[5,

for z € F* = Z(F). If T is not split, the value of ®"(z,T, u) is 0 if the equation z = N¢ has no solution.

Otherwise it is
o) [ (g™ 50 (9))do.
G (ENG(E)
Here {(vy) is 1 if § is o-conjugate to a scalar and -1 if it is not.

We begin by establishing the asserted properties of a Shintani family. They have only to be established when
¢ has small support about a given §. If N4 is not central there is no problem for g — Ch(Ng) is then smooth at

d. Suppose N is central.

It is convenient to treat two cases separately, that for which § is o-conjugate to a central element and that for
which it is not. When treating the first, one may suppose that J itself is central and then, translating if necessary,
that it is 1. Choose an analytic section s of G'(F) — G(F)\G'(F'). The map of G(F) x G(F)\G'(F) to G'(F)
given by (g, w) — s(w) 1go(s(w)) yields an analytic isomorphism in a neighborhood of the identity. If ¢ has

support in such a neighborhood and ¢ lies in its intersection with G(F') then
Vy(NG,T) = 24(0,T)

if
1(6) = / B(s(w) 260 (s(w))),

the integral being taken over a small neighborhood of the trivial coset, G(F') itself. It is therefore manifest that

{®4(vy,T)}is an HCS family. If z € Z(F') lies close to 1 then

f(z) = / o9~ z0())dg
G(F)\G'(F)

(11
6—201

\P¢(€ea ,LL) = (I)f(€, ,LL)

and if

then

and Ne = ¢*. The asserted formulae for &' (z, T, ;1) and for ®”(z, T, 1) follow.

Before we discuss the case that § is not o-conjugate to a scalar we comment on the manner in which one shows

that an HCS family {®(~,T)} for which ®(,T) = 0 when v ¢ NT'(E) is a Shintani family. One can localize the
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problem and, once again, the only difficulty occurs for a family which is supported in a small neighborhood of a

point in Z(F'). If this point lies in NZ(E) we may suppose itis 1. If
'(1,T) = &+, T)
then {®’'(~y,T)} is again an HCS family and hence there is an f such that

(v, T) = 25 (7, 7).

We may suppose that the supportof f consists of elements whose conjugacy class passes close to 1. Employing
a partition of unity and then conjugating we may even suppose that f itself is upported in a small neighborhood

of 1. Suppose a is a function on G(F)\G' (F) satisfying

/ a(w)dw = 1.
GU\G'(F)

Ifw e G(F)\G'(F) and h € G(F) set

Then
(6, T) = 06", T)

for 0 close to 1. Since extraction of /th roots in a neighborhood of 1 is a well defined operation, we conclude that
Vy(y, T) = (7, T)

for all ~.

Suppose now that z = NJ is central but that § is not o-conjugate to a central element. Then ¢ = 2 and
G3(B) = {yldo(y)s~" =y}
is the multiplicative group of a quanternion algebra. If u € G¢(E) then
N(ué) = udo(u)o(§) = u?z.

It follows that if u is close to 1 then

ZS(E) - Gu(E)

if GG, is the centralizer of u. Since

Go5(E) = {yludo(y)d " u™"! =y}
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we conclude that

w(E) € G (E).
This time we take s to be a section of G'(F) — G (E)\G'(F) and set

f(h) = / o(s(w) Mo (s(w)), h e GI(E),

so that

Uy(zu?, T) = @4 (u,T).
The family {® (3, T") } is an HCS family not for G(F) but for G (E) = GZ(F'). Since this group is the multiplica-
tive group of a quanternion algebra the properties of HCS families for it are trivial to establish. The principal

points to observe are that there is no longer a split Cartan subgroup, that ®'(v, T', i) does not occur, and that
Oy, Tswr(p), wer) = meas(T(ENG'(F) @ (v, T; ).

This said, one proceeds as before, and completes the proof of the lemma.

Lemma 6.2 allows us to associate to any smooth compactly supported ¢ on G(E) a smooth compactly
supported f on G(F') for which
{®r( 1)} = {¥s(, T)}-
The function f is not uniquely determined but its orbital integrals are, and this is enough for our purposes. The
correspondence ¢ — f, which was introduced by Shintani, plays an important role in these notes. It is however
essential to observe that if F is unramified and ¢ is spherical then f may be taken to be the image of ¢ under the
homomorphism of the previous paragraph. In particular if ¢ is the characteristic function of G(Og) divided by

its measure then f may be taken to be the characteristic function of G(O) divided by its measure.

It should come as a surprise to no-one when I now confess that the map ¢ — f has been defined for the

wrong class of functions. If £ is a given character of N Z(E) we shall want ¢ to satisfy

0(29) =E§(N2)"'og) =€ Z(E)
and f to satisfy
flzg) = €(2)"'f(9) 2 € NZ(E).

All we need do is start from the original ¢ and f and replace them with
¢'(9) = $(29)€(N=)dz
Z(E)
and

f'(g) = /N o, [ COEIE
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The calculations at the end of the preceding paragraph show that if {®4 (v,T)} and {¢ (v, T')} are defined in
the obvious way then

@y (7, T) = @ (7, T)-
This and the other relations between orbital integrals of f’ and ¢’ which are deducible from Lemma 6.2 will play

a central role in the comparison of Paragraph 11.
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7. CHARACTERS AND LOCAL LIFTING

F is again a local field and E a cyclic extension of degree {. ¢ is a fixed generator of &. If I is an irreducible
admissible representation of G(F) then II may or may not be equivalent to II? : ¢ — II(c(g)). We shall be
concerned only with those II for which II° ~ II. Then II extends to a representation II' of G'(E) = G(E) x &.

II’ is not unique, but any other extension is of the form w ® II’, where w is a character of &.

We may introduce the character of I along the lines of §7 of [14]. It is a distribution. We shall not be able
to prove completely the following proposition until we have some of the results of Paragraph 11. If we had not

thrown methodological purity to the winds, we would be bound to find a purely local proof for it.
Proposition 7.1.  The character of II' exists as a locally integrable function.

A good deal of this paragraph will be taken up with the proof of this proposition, although one case will be
postponed until §11, appearing there as Lemma 11.2. In addition, we will begin the study of local base change,
especially for the representations 7(u, ) and the special representations (o (p, ). They are, of course, both rather
easy to handle. The last part of the paragraph is devoted to a computational proof of Lemma 7.17, which yields

part of assertion (c) of §2.

Since the character of Il is a function and since o is an arbitrary generator of &, it is enough to show that the

character is a function on G(E) X o.

Letn = (u, v) be the quasi-character of the group A(E) of diagonal matrices and consider the representation
p(n) = p(u, v) introduced in Chapter 1 of [14]. If u” = p,v? = v then p(n) may be extended to a representation
of G'(E), which we still denote p(n), by setting

plo,melg) =elc ' (g)) v <€ Bn).

B(n) is introduced on p. 92 of [14].

For our purposes it is best to suppose that v = £ on E*. If o is smooth, satisfies ¢(zg) = ¢5' (2)o(g), 2 €

E* = Z(F), and has compact support modulo Z(E), we may set

p(o,n) = / #(g)p(g,n)dg.
Z(E)\G(E)

We may choose the Haar measure on K so that

/ h(g)dg:// / h(tnk)dtdndk.
Z(EN\G(E) K JN(E) JZ(E)\A(E)

Then the kernel of p(¢,n)p(o,n), which is a function on K x K, is equal to

ky Mtno (k o
/Z(E)\A(E) /N(E) (kg "tno 2))77(t)’6

1/2
dtdn
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if
a 0
- ( . ) .
The trace of p(¢,n)p(o, n) is obtained by integrating over the diagonal.

If v € G(F) has distinct eigenvalues a, b we set

(a —0)2|"/?

Ay) = "

F

It is easily seen thatif 6 € A(F), v = N¢,and A(y) # 0 then

A(v) / P9~ 60 (g))dg =
Z(B)A(F)\G(E)

1/2
/ / / ok~ 50 (t)no (k))dndtdk.
K JZ(E)A(F)\A(E) JN(E)

Thus if we denote the left hand side by Fy(9),

a
b

tracep(8)o(o) = [ () Fy (£)d.

Z(E)AT=7(E)\A(E)

Since Fy(t) = Fy(1) if
i= (70

T\ 0«

this may be written
t n(t
Z(B)A =T (ENAE) 2

We may extend the definition of Fy to other tori, and there is an obvious, and easily verified, analogue of the

Weyl integration formula

is equal to

/ $(9)dg
Z(E)\G(E)
1

> {/ ol tol9)dg | AVOPdr
Z(E)T =2 (EN\T(E) \JZ(E)T(F)\G(E)

2
— Fy(t)A(Nt)dt.
22 Z(E)T1=7 (E)\T(E) sEANY

The sum is over a set of representatives for the conjugacy classes of Cartan subgroups over F. We deduce the

or

following lemma.

Lemma 7.2. The character X ,(,) of p(n) is a function on G(E) x o. If v = N0 is regular but not conjugate to an

element of A(F) then x,,)(0 x o) = 0. If 0 is o-conjugate to t and v = N is regular then

() +q()
Xp(n) (0 X 0) = A



Base change 67

If n = n” then there exist u/, v’ such that u(z) = p/(Nz),v(x) = v/(Nz). If ¢ — f is defined as in the

previous paragraph, the following corollary is clear.

Corollary 7.3. Ifn'(¢', V') then
tracep(¢, n)p(a,n) = tracep(f,n’)

and

Xp(n) (0 X 0) = Xp()(7)
ifyv = NJ.

I = w(u, v) with u(x) = @/ (Nz),v(z) = v/ (Nz) then 17 ~ II. We take II' = 7’(u, v) to be the restriction
of p(n) to the subquotient of 5(n) on which 7 (u, ) acts. We see that if p(u, v) is irreducible, then it is a lifting of

p(1, V) according to either of the criteria of §2. Notice that there are ¢ choices for z/, 1/'.
Lemma 7.4 Suppose F' is non-archimedean.

(@) Ifur=Y(z) # |z| and pv=*(x) # |x|~* then
trace v’ (¢; p, v)m' (o5 p, nu) = tracew(f; ', V)

and, if y = N is regular,

X! (p,v) (5 X U) = Xﬂ'(u’,l/’)(’y)'

(b) If =1 (x) = |z|~ and /v~ (x) = |z|~! the same equalities are valid.

The only cases not covered by the lemma are those for which 7(u, v) is finite-dimensional while 7(u/, ') is
infinite-dimensional, when the equalities no longer hold. This is the reason that we have also had to introduce
the criterion (i) of §2 for a local lifting. Observe that 7 (1, ') then ceases to be unitary. The first part of the lemma

is clear for, with the assumptions imposed there, 7(u, v) = p(u, v), 7(¢/, ") = p(p/, V).

If the conditions of the second hold, then

79 1) = pldetg)ldetgl g € G(E),
m(o;p,v) =1,
nlgi i v') = i (detg)ldetg| %, g € G(F).
The first of the desired equalities is clear; the other follows from the Weyl integration formulae. It is by the way
implicit in the lemma that the characters appearing there are functions.

Lemma 7.5. Suppose F is archimedean. If n(u,v) and w(y/,v') are both infinite-dimensional or both finite-

dimensional then the equalities of the previous lemma are again valid.
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This again follows from the corollary if both representations are infinite-dimensional. To check the remaining
case we observe that F' will be R and E will be C. There is a finite-dimensional analytic representation p of G(C)

on a space V and a character x of C* such that

(g5, v) = x(detg)p(a(g)) @ p(g).

Since x(z) = x(0(2)) there is no harm in supposing it is 1. If \™! is the highest weight of the contragredient to p

and w a highest weight vector then

u? @ v — (o(w) ® w)(p(a(g))a(u) @ p(g)v)
maps V into B(u, v) if, as we may assume p(z)|z|'/? = A(wo(z))v(x)|z|~1/? = A(wo(x)). The absolute value is
taken in the number-theoretical sense. Then 7/(o; 11, V) corresponds to o(u) @ v — o(v) ® w.

If p(g) = (pi;(g)) then a matrix form of 7' (g x o; p, v) is
pir,j(0(9)) ® pijr(9)-
Setting i = j,7’ = j’ and summing we conclude that
trace (g X o3 u, v) = trace p(go(g)).

Since (g, ', V') is either p(g) or sign(detg)p(g) the lemma follows.
The next lemma is an immediate consequence of Corollary 7.3 and Lemma 7.4.

Lemma 7.6. Suppose F' is non-archimedean and oy, v) is a special representation. Let uv~'(z) = |x|g. Define
o’ (o3 i1, v) to be the restriction of p(c; p, ) to the subspace of B(j1, ) on which o (i1, v) acts. If /v~ (x) = |z|p
then

trace ' (¢; p, v)o' (0 p, v) = tracea (f, i, v")
and if y = NJ is regular
Xo'(u,v) (6 X U) = Xa(y’,u’)('y)'
We see that o (u, v) is a lifting of o(1/, v'). There are now only ¢ choices for the pair (¢, v').

IfII = o(p,v) then 117 ~ ITonly if u” = p,v? = v. Howeverif Il = 7(u, v) then I17 is also equivalent to II
if u? = v,v? = pthatisif 7 = n?. If n° # n this can only happen for ¢ = [E : F] = 2, as we now suppose. If
n° = 7 we can define an operator R(n) : B(n) — B(n) as on p. 521 of [14]. Formally (and with a better choice
of the e-factor than in [14])

Reto) = 0 wm P [ (O 8) (8 1)
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1 is a non-trivial additive character of E of the form x — ) (trace z) and dx is the Haar measure self-dual

with respect to ¢ . If 1F is replaced by ¥ (ax),a € F*, then (0, ur~!, v ) is multiplied by

_17ou(a _
ol 58 a2

Since dz is replaced by |a|'/2dz, the expression as a whole is unchanged and R() is well defined.

Lemma7.7. (a) If n = n° = 7] then R(n) is the identity.
(b) If n° =7 and p(o,n”) : B(n”) — B(n) replaces ¢(g) by ¢(c~"(g)) then p(o,1n”)R(n), which takes B(1) to

itself, is of order two.

Since
plo,n”)R(n)p(e,n”)R(n) = p(a,n”)p(o,n)R(n")R(n)
and

p(o,n”)p(o,n) =1
the assertion (b) is implied by the following lemma.

Lemma 7.8. Let E be an arbitrary local field. Suppose n = (u,v) and
|wi| < |u(@e)r™ (@p)| < |we| ™!

then R(7) and R(n) are defined and
R()R(n) = 1.

If w is a quasi-character of E*, the map ¢ — ¢’ with ¢'(g) = w(detg)p(g) takes B(u, v) to Blwp,wr). It
sends R(n)y to R(wn)¢'; so for the purposes of the lemma we may suppose v = 1. I also observe that if ¢y is

replaced by x — g (az),a € EX then (0, uv !, ¢ g) is multiplied by

—1/2 M(a)
|a|E I/(a

~—

and (0, vu~1, 1) is multiplied by
_179v(a)
la| 212 .
o ua)

i
Thus R(77) R(n) is not affected and if n = 7 neither is R(n).

First take FE to be non-archimedean and ( to be unramified. Suppose p(wg) = |wg|?, Res > 0. Let ¢q be

defined by
iy 1) (5 5)0=n@

1/2
alt

g
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The factor (0, i, ¥ ) is, almost by definition, equal to
s+1/2

lal

if a=1Op is the largest ideal on which v is trivial. Then

/ dz = |a|7V/2.
Op

0 1 1 =z
©o dx
() (o 1))
is1if z € Og. Otherwise

o) G )= )G ) (D)

and the integrand equal |z| =1 ~*. The integral equals

_ oo 1 _ L(s,1g) 10 L(0, )
1/2)q 4 s (1_)} 12_H\s1lg) 1280, 1)
lal { Zn:1q q el L(1+s,1g) o L(1,p)

The integrand of

Consequently
R(m¢o(1) = lal*¢o(1) = [al*.
This relation may be analytically continued.

Any function ¢ is equal to

(e —@(1)eo) + ¢(1)wo.

Thus to check that R(n)¢(1) can be analytically continued for all ¢, we need only check it when (1) = 0. The

factor

~

(1, p

5(07 M, wE) L(O L

~—

is certainly well defined if |i(wwg)| < |wg|~!. Moreover if ¢(1) = 0 there is an NN such that

sﬁ<é 01) =0
Ja( o a) (b o= [ (5 0) (3 o)

The right side is well defined for any ;.. We conclude that R(n) is indeed defined for Re s > —1.

for |z| > N and

It is clear that R(n)yo is a multiple of ¢, for ¢ is, up to a constant factor, the only function invariant under

K. Therefore R(n)yo = |a|®¢o. If 4 = 1, then s = 0 and R(n)¢o = ¢o. Since R(n) then intertwines B(n) with
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itself and B(n) is irreducible, R(n) = 1. This is the first part of the lemma. If Re s < 1 then R(7) is also defined

and R(77)R(n) which again intertwines B(n) with itself is a scalar. Since

R(7)R(n)¢po = ¢o

the scalar is 1.

Now suppose (i is ramified. The factor

5(07 My wE) (17 M)

| =

is well defined for all such p. If

for|z| > N, then

e &) (8 e[ a5 ) (4 1)

The right side is meaningful for all values of |u(wg)|. For this u we only wish to prove the second part of the
lemma. For the sake of symmetry we put v back in. We may also suppose that O is the largest ideal on which

g is trivial.

If |wg| < |W(wg)v~HwE)| < |@wg|~! then Propositions 3.2 and 3.4 of [14] give us two isomorphisms

AW (v 0m) > By

B W (u,vibp) = W(v, i $p) — B(v, ).
Suppose W € W (u,v;¢g) and AW = ¢, BW = ¢'. We shall show that
a0 Wi )~ P DO @) + 0 v Rp(@)
as a — 0. Interchanging v and p we can also infer that

w<<8 (1))> ~ Ja] 2 (1) e v de)r(a)g (1) + (0, vt p)u(a) ()¢ (1)}

as a — 0. We conclude that
and that

Hence
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To verify (1) we take W = Wy as on p. 94 of [14]. (There is a misprint there. The measure used to define
0(p11, p2; @) should be d*¢ rather than dt.) We may suppose that

(ax, o y) = p~'v(a)®(z,y)

if || = 1. Then ®(0,0) = 0 and ®(x,y) is 0 for z, y close to 0. If N is sufficiently large W ( ( 8 (1)) ) is equal to

|a|1/2,u(a)/ uz/_l(t)q)(att_l)dxt—i—|a\1/2u(a)/ pv ()@ (at, t™1)d*t
F<IHSN [t|>N

for all a. Fix N. When |a| is small this expression equals

(7.2) \LL|1/2;L(CL)/EX l/pfl(t)@((),t)dxtJr|CL\1/2I/(a)/EX O(t,0)d™¢.

According to the definition of A4, ¢ is equal to fo~ with
fur( = [ @00 O =37 70wl ()

However, by the definition on p. 94 of [14]

(0, @) = / (0, y)vs (yool)dy

=3 (= [@s])ws" (0, =™) / v () p (gt A<t

It|=1

If r is the order of the conductor of ! the integral appearing here is 0 unless m + n = —r when it equals
e(0,vp, ¢E)%{w)|w|r
Thus
®~(0, @) =e(0,vp ", Ye)lwe| (0, w ) (@)
and

for (1) = e(0,vp™ " ¥p) Zn pv~H (@) @(0,w ")

:5(O,u,u_1,1/1E)/ v~ (6)®(0, t)d*t.
EX

Since, under the conditions imposed on ¥ g,

5(07VM_13wE)8(07/M/_13wE) = MV_I(_l)

we may substitute in the first term of (7.2) to obtain the first term of (7.1).
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Lemma 3.2.1 of [14] gives
pv(=1)e(0, v~ ) R(n)e(1)
as

Jim leN{/ %((8 ?))u-l(a)a|—1/2¢E(ax)da}dx.

Interchanging the order of integration we see from (7.2) that this equals

/E (t,0)d.

In other words, the second term of (7.2) is equal to the second term of (7.1) as required.

As a convenient, but in the long run unsatisfactory, expedient, we prove Lemma 7.8 for archimedean fields
by appealing to the theory of Eisenstein series. E will be momentarily a global field, either Q or an imaginary
quadratic field. If poo, Voo are arbitrary characters of EX, there are characters p,v of E*\Ig such that u, v

restricted to EZ are fico, Voo. Here I is the group of idéles. We introduce M (1) = M (i1, v;0) as on p. 513 of [14]

L(,vph)
M) = 22 ) o Rny).
(n) T w1 © R(1.)
Here
L(1,vu=t) L(1+s,vu™t)

27 ljm =2/
L 1)~ s20 L1 — 5, pv1)

From the theory of Eisenstein series
M) M () = 1.
Since the map 7 — 7] interchanges 1 and v and

LA™Y L(Lvp™t)
L(1L,vp=1) L1, pv=1)

we conclude that

®UR("7U)R("7U) =1

Applying our result for non-archimedean fields we conclude that

R(ﬁoo)R(noo) =1

The first part of Lemma 7.1 must unfortunately still be proved directly. We revert to our earlier notation. We
also suppose once again that v = 1. Since we are dealing with the first part of the lemma, 1 will also be 1. More

generally let u(x) = |z]°, Res > 0. We may suppose that

wE(fE) — eQﬂiw, E=R

’l/)E(SC) —_ 627riRex7 E = C.
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Then dz is the usual Haar measure on E. Define ¢ by

ol(y 1) (5 i) ® =nle)

Once again we need only show that

1/2
alt

B

R(n)go(1) = 1.

If F' = R, then, taking the definition of the L-functions and e-factors into account [21],

14s [e') 1
Ry = SEEL [ e

andif F = C,
Reeo(1) = 2 =B [ [ gy tdedy = 1.

We conclude from the second part of Lemma 7.7 that if 7° = 7 then II = 7 (u,v) may be extended to a

representation II' of G’'(E), a representation we shall sometimes denote 7(7), by setting
(o) = (,n) = plo, 17 R(n).

Appealing to the first part of the lemma we see that this is consistent with our previous choice of II' if 7 = 1.
Observe also that if 7 is unramified and 1 = 7 then 7 = 7). The following assertion is the part of Lemma 7.1

which will not be verified until §11, as Lemma 11.2.
(1) The character of 7(n) is a locally integrable function.
The following assertion is also part of that lemma.
(2) Ifn = (u,p7) and if r = Ind(Wg,p, Wg /g, 1) then p(n) is a lifting of (7).
The only representations of G(F) we have not yet considered are the absolutely cuspidal II. Choose such a

II for which II? ~ IT and extend II in any way to IT'.

Lemma 7.9 IfII is absolutely cuspidal then the character x exists as a locally integrable function and is

smooth on {g € G(E)|Ny is regular and semi-simple}.

Moreover if 11 is unitary

1 Z/ 1 /
2 meas NZ(EN\T(F) Jz(zyr-+(2)\1(E)

The sum is over a set of representatives of the conjugacy classes of non-split Cartan subgroups over F'.

1
b (¢ x o) PAND dt = 5.

We shall imitate the proofs of Proposition 7.4 and Lemma 15.4 of [14]. In particular, it suffices to consider
unitary IT. Then IT’ is also unitary. Suppose f is a locally constant function on G'(E) = G(E) x ® with compact

support. Set
W)= [ r@nods
G'(E)
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Since I is a square-integrable representation of G’(E) we may apply Lemma 7.4.1 of [14] to conclude that

tracer(f) = d(tt) | (E)\G,(E){ /| O hg)w)dh}dg.

Here u is a unit vector in the space of II' and d(II') the formal degree.

We introduce a subset G'(E) of G'(E) whose complement has measure 0 and a function £(g) on it. If

g € G(E) then g € G/(E) if and only if g has distinct eigenvalues a, b. We set

(a—b)2["?

ab

Ag(g) =

E

andlet£(g) = Ap(g) L. Ifr € G, 7 # 1,and g € G(E) then g x 7 € G'(E) if and only if g7(g) - - - 71 (g) has
distinct eigenvalues. If g7(g) - - - 771 (g) is conjugate to h in G(F) we set £(g) = A(h)~'. We define £(g) tobe 0
on the complement of G'(E)in G'(E).

Lemma 7.10. The function &(g) is locally integrable on G'(E).

That it is locally integrable on G(E) follows from Lemma 7.3 of [14]. It suffices then to show that it is
locally-integrable on G(E) x o. Since any compactly supported locally constant function ¢ is dominated by a

spherical function, it follows from the results on Paragraph 3 that

> / |Fy(t)dt < oo
T (EN\T(E)
if
Fal0) = AWNVS) [ (g bg)ds,
T(F)\G(E)
The sum is over a set of representatives for the conjugacy classes of Cartan subgroups of G over F'.
Take ¢ to be the characteristic function of a compact open set. By the Weyl integration formula, or rather the

variant appropriate when Z(FE)\G(E) is replaced by G(E),

/ £(g x 0)é(g)dg
G(E)xo

is equal to

2
- Fy(t)dt
22 Trn(B\T(E)

and is therefore finite.

Define T as on p. 254 of [14], except that F' is to be replaced by E. We have only to show that

lim (IT' (g~ " hg)u, u)dg

7—00 T/ xg
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converges on G (E) and that the convergence is dominated by a constant times £(h). It is easily seen that

for all 7 € g. It is therefore enough to verify the assertion for the sequence
/ (' (g™ hg)u, u)dg.
T

For h in G(F), where II' is I, this has been done in [14]; so we replace h by h x o, with the new h in G(E), and

the first u by v = IT'(0)u and consider

(7.3 orlh) = [ (g ho(g))o. w)ds
Let G7(E) be the set of all hin G(E) for which the eigenvalues of N/ do not lie in F. We need the following

analogue of Lemma 7.4.2 of [14].
Lemma 7.11. Let C| be a compact subset of é"(E) and let C), be a compact subset of G(E). The image in
Z(E)\G(E) of

X ={geG(E)lg~'Cio(g) N Z(E)Cy # ¢}

is compact.
Let
Cy = {Nhlh e C]}
Cy = {Nh|h € C4}.
If g € X then

97'CigN Z(E)Ca # ¢.
Since (' and C5 are compact we have only to apply Lemma 7.4.2.

We may choose CY so that (II(g)v, u) is supported by Z(E)CY. Then for hin C
[ g hotg))v. g
T

becomes constant as soon as r is so large that 7.’ contains Z(E)\X. Moreover

[ g hotg)e,wdg

< / Ty ho (g))v, u)|dg
Z(E)\G(E)
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and the right side is equal to

(74) meas(ZENZBGEE) [ 0 holg)o)ds

To estimate this we may replace the integrand by a positive spherical function ¢, invariant under Z(E), which
dominates it, and h by any o-conjugate element. Thus we may suppose h lies in T(E), where T is one of
the representatives for the conjugacy classes of Cartan subgroups of G' over F'. It follows from the lemmas of

Paragraph 5 that (7.4) is bounded by ¢(¢)¢(h x o) forall h € G°(E).

It remain to consider the behaviour of the sequence (7.3) on the set of h for which N/ has distinct eigenvalues
in F. If k € G(Og) then
r(k™ ho(k)) = or(h)

so we need only consider h of the form

90

If 1 is constrained to lie within a compact subset C'3 of G(E) then «, 3 are constrained to lie in a compact subset

()

of E* and x in a compact subset of E. If (s lies in G (E) then in addition

remains bounded away

from 0. We are going to show that there is a constant c such that

()

for all h in Cj of the form (7.5) and that if C5 C G°(E) then {¢,(h)} converges uniformly on C5 to a locally

-1

ler(h)] < c =c{(h x 0)

constant function. Lemma 7.9 will follow.

As on p. 269 of [14], we are immediately led to the consideration of auxiliary sequences

am=[ (m(g 1) () ?{)mui)) 5 a*dy.

The integral is taken over those y and y for which

(7.6) (g ?)

lies in 7T’,..

The product
~1
Ty vy

<71%(7)04 g) <(1) 0(7)1(x+01(y)a16y))'

is equal to
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We set
q=m(}) ) (e 0,

so that the integrand becomes

77) <H(1 "(”1(““’)O‘lﬂy))m,u;nv;.

We shall first integrate with respect to y. To do this we must find those values of v and y for which the matrix
(7.6) is in T;.. Let || = |we|™, ly| = |@wE|", and let the elementary divisors of (7.6) be w%, @k j < k. Welist
the possible values of j and k below, together with the condition that the matrix belongs to 7T’,..

i) m>n, n>0thenj =0, k=m, 0<m<r,
ii) m>0,n<0thenj=n, k=m—n, 0<m-2n<r,
(iii) m<0, n<mthenj=n, k=m—n, 0<m-2n<r,
(ivy m<0, n>mthenj=m, k=0, —r <m<0.
Thus the matrix belong to T’ if and only if —» < m < rand m —r < 2n.
To evaluate the integral of (7.7) with respect to y, we take II in the Kirillov form. Then u; is a locally constant

function on E* with compact support; so is v; and it is bounded by a constant which does not depend on «, 3, 7,

or x. The inner product appearing in (7.7) is equal to

[ v (ﬁwy) - a_lﬁy)) vi(a)ul(a)d* a.

Let b’ be the smallest integer greater than or equal to *5-". The integral with respect to y is equal to

(7.8) wsl” | vilao(y)(ao()d*a p=o~".
{allp(a)—£al<|wp|—?}

Here b is equal to b’ if the largest ideal on which 1) is trivial is Og. If this ideal is (ww%;) then b’ — b = s.

Let ¢ be a small positive number. Since « and 3 are constrained to vary in a compact set there is an integer e

such that
(79) -y (5]
a
and
g b
~—Zal <
ol - Za| <
implies

lal < |wg| 7.
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Choose an integer d so that the support of each u; is contained in
(wsl™ > |a] > |l

The integral (7.8) is certainly O unless —¢ —b < d —morm — b < d 4+ c. Then

m-+r

<d+e+1.

Since m + r > 0 this gives a bound on the number of possibilities for m which is independent of 7. Since the
integral appearing in (7.8) is clearly bounded by
{sup[ui(a)[} {sup [vi(a)[} d*a
lopl~42|a|2|@g|¢

and

m+r
2

)

there is no difficulty bounding |, (h)| on the set of h in C's for which (7.9) is satisfied. To show that the limit exists

lwe|’ V5" = O(lwe|~

and yields a locally constant function we replace v by ywy" so that m now satisfies 0 < m < 2(d+ ¢+ 1). Then

175" [wE|® is replaced by |7\El/2 if m is even and by \’y|gl/2|wE|1/2 if m is odd. The integration with respect

to y becomes an integration over a compact set which does not depend on r. The integral of (7.8) appears in the
a

integrand. Replacing a by 7= in it, we obtain

/ e v;(a)u}(a)da
{allp(a)=5 55y al <yl *l=el—*}

o o(v)

where s is 0 or 3 according as m is even or odd. Mutliplying by M;/ ’|wp|* and then integrating with respect

to 7, we obtain a locally constant function of A.

We have still to estimate ¢,(h) when N (g) is close to 1. We may write

b5
a ()
with A € F*. Let || = |wg|°. We may so choose ¢ and A that ¢ remains uniformly bounded. We also choose A

close to 1. Change variables in the integral of (7.8) so that it becomes
(7.10) / (a0 (C(y)u{ao(C7))da.
Ip(a)=Aa|<|wg|~b=e

Write @ = a1 + ag with a; € F), traceas = 0. Since A varies in a neighborhood of 1 there is an integer f < 0
such that |1 — | = ||, with some integer e, and |p(a) — Aa| < |wg|~"~¢ together imply
(@) |a] < Jewp|~t7emeH

(i) |ag| < |wp| =Pt
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The integral (7.10) may be estimated by a constant times the measure of the intersection of the set defined by (i),
(ii), and

(iil) |wg|¢ ™" < |a| < |wg|7d"me.

If |wp|g = |wg|?, where g is 1 or ¢, this measure is not affected if I replace m by m — zg, and r by r + zg, z € Z.
Thus I may work with a finite set of m — but at the cost of letting  vary. What I want is that d — m — c should be,

for all practical purposes, constant. Then, for purposes of estimation, the multiplicative Haar measure may be

m+r
2

replaced by an additive one. Moreover b now differs from — , which does not change, by a bounded constant.

The set is clearly empty unless
—b—c—e+f<d—-m-c
or

m—b<e—f+d.

Taking the relations between m, r,b’, b and s into account, we conclude that

0<m+r<2e—f+d+s+1).

Because of (iii) the absolute value |a1| remains bounded, independent of , and, because of (ii), the absolute
value |az| is now bounded by a constant times |wg| “2". Thus the measure of the set may be estimated by a

. (m4r)(£—1)
constant times |wwg|™  2¢ .

. _ : . . . (mr)
Since || " | |®, with the original b, is bounded by a constant times || ™~ 2, the absolute value of ¢, (h)

is bounded by a constant times

> JmelF=0(1-Af)

0<k<2(e—f+d+s+1)

Since

=A== Alr

1—N(§)=1—V
(6%

1= Xp = |61 = N)F

and

while, because A is close to 1,

the proof of the first assertion of Lemma 7.9 is completed.

The proof of the second will be briefer. Let ¢ be a primitive ¢th root of unity and let w be the character of
G'(E) which is 1 on G(F) and takes o to (. The representations I} = w’ ® I, 0 < i < /, are inequivalent. If u

is a unit vector,

¢(g) = d(IT') (I (g)u, u)
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and
(o) - [ 6(9)TL}(9)dg
Z(E)\G'(E)
then
/ _J 1, =0,
traceIl}(¢) = {07 1<i<t.

Thus

-1 .

1=) ¢ tracelli(9) = ¢ o(g)xm (9)dg.
= Z(E)\G(E)xo

By the Weyl integration formula the right-hand side is equal to

1 _
35, a(exo) [ oo 10(9))da SN0
Z(E)T'— (E)\T(E) Z(E)T(F)\G(E)

The sum is over a set of representatives for the conjugacy classes of Cartan subgroups of G over F'. If T'is non-split

the inner integral equals

1 -1
dg.
meas Z(F)\T'(F) /Z(E)\G(E) #g~to(g))dg
Since
/ o9 olg)dg = | o(g~ (1) (9))dg
Z(E)\G(E) Z(E)\G(E)

for all 7 € g this expression equals

1 . .
fmeas Z(F)\T(F) /Z(E)\G/(E)qﬁ(g (t x 0)g)dg

or
1

meas NZ(E)\T(F) /Z(E)\G’(E) d(g~ (t x 0)g)dg

and the proof of the first part of the lemma has shown us that the integral appearing here is equal to v (o X t).

If T' is split the inner integral is equal to

/ / / ok n" s o (nsk) x J)‘grldndsdk.
Kp JZ2(BYT(F\T(E) /N(E) B

(9

ny = n"'t(on)o(t)

Here

Setting
-1

and changing variables in the usual way, we deduce from Proposition 2.22 of [14] that the integral is 0. The

assertion of the lemma follows.

We shall also need a relation of orthogonality.
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Lemma 7.12 Suppose 111,11, satisfy

and

Hg ~ H1
Extend I1; to 11}, a representation of G'(E) = G(E) x . Suppose moreover that I, is absolutely cuspidal, that

I, is unitary, and that xy1; exists as a locally integrable function. Then

1 Z/ /
2 meas NZ(E)\T(F) Z(E)T1=° (E)\T(E)

X (X o) xa (¢ % a)A(Nt)%dt

is equal to 0 if II; is not equivalent to Il,.

Just as above we take
¢(g) = d(Iy) (I (g)u,u) g€ G'(E)

with a unit vector u. Since the proof of Proposition 5.21 of [14], and therefore the proposition itself, is valid in the

present situation
(' ®T0)(¢) =0

for each i. Therefore

It i

7 Zi:o ¢ "trace(w' @ I17)(4) = 0.
The left-hand side is equal to

| w@otods.
G(E)xo

Applying the Weyl integration formula and proceeding as before, we obtain the lemma.

We are not yet in a position to show that II is the lifting of a 7. However, there are some further lemmas
toward that end which we can prove now. The map ¢ — Nt imbeds Z(E)T"~7(E)\T(E) into Ng,p Z(E)\T(F)

and is measure-preserving. Let w be a non-trivial character of Np,p E*\F*.
Lemma 7.13 If 7 is square-integrable then

15 ! /
2 measNZ(E)\T(F) Z(E)T1—o(E)\T(E)

1l 7T2w®m
% TEwT.

(NP ANt = {

The sum is again over a set of representatives for the conjugacy classes of non-split Cartan subgroups over F'.

If T' is anisotropic then

(Ntt € T(E)} = {s € T(F)|w(dets) = 1}.

Thus, if 7, = W' @ T,

1 -1
Z Zi:o X (S)
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is 0 outside of this set and equal to x-(s) on it. Applying the orthogonality relations for characters of G(F)

(Proposition 15.4 of [14]) to this function, we obtain the lemma.
The same argument shows that if 7y and 72 are square-integrable and m; =~ w' ® Ty for no 7 then

1 Z/ 1 /
2 meas NZ(E)\T'(F) Z(B)Tt— (E)\T(E)

Xy (NE) Xy (N A(NE)?dt = 0.

Now we take a set of representatives 1" for the conjugacy classes of all Cartan subgroups of G over F'. We

want to introduce a collection & of functions on
X = UT NT(E)

or rather on the regular elements therein. We introduce, for the sole purpose of defining this collection, an
equivalence relation ~ on the set of classes of irreducible admissible representations of G(F'). We write 7(u, v) ~
7(u', ") if for some i and j, 4/ = wip, v’ = wiv and if 7(u,v), 7(/, ) are both infinite-dimensional or both
finite-dimensional. If 7 is square integrable we write 7 ~ 7’ if 7’ = w' @ 7 for some 4. It is clear that . and X/

agree on X if m ~ 7. & will be the collection of xr, with m varying over the equivalence classes.

If w(u, v) is finite-dimensional let o (1, v) be the representation complementary to m(u,v) in p(u,v). The

representation 7(u, wv) is infinite-dimensional and

(710) X7 (p,v) + Xo(p,v) = Xa(p,wr)

on X.
Lemma 7.14 Every linear relation amongst the function in & is a consequence of the relations (7.10).

If this were not so there would be a relation which did not involve the X ., 7 finite-dimensional. The
orthogonality relations then show that it involves no X, T square-integrable. Therefore it involves only the
Xr(uv)s T(pt, V) infinite-dimensional, and the explicit expression for Xr(,,.) in terms of u,v shows that the

relation must be trivial.
There is one simple point which needs to be observed.
Lemma 7.15 If w(u, v) is finite-dimensional then 7(u, wv) is not unitary.

First take ? = R. By Lemma 5.11 of [14]
prtwTh ot - P

where p is a non-zero integer. Therefore

TR Z P A
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1

and 7 (1, wv) can be unitary only if 7 ~' = wr,w? ~! = p. Then

u :t —tP

and p is even. The space of m = 7(, wr) then contains a vector v invariant under SO(2, R). Standard formulae
for spherical functions [31] show that the matrix coefficient (7(g)u, u) must be unbounded. This is incompatible

with unitarity.
Now take I to be non-archimedean. Then

pr i — )P (@)

and
ol i — |z Frlo (2).

1

Consequently 7(u, wv) can be unitary only if 7 ! = pv,w? ~! = . Then

pi = [a[Flw™ (z).

This, fortunately, is a patent impossibility.

Lemma 7.16 Choose for each representation II of G(E) invariant under & an extension I’ to G'(E). Then the

restrictions of the characters x|, to G(E) x & are linearly independent.

Copying the proof of Lemma 7.1 of [14], one shows that the characters of the irreducible admissible repre-

sentations of G'(E) are linearly independent. If IT; = w’ ® II’ as before then

1 —i
7 ZZ w (U)XH; (9)
is 0 except for g € G(E) x o, when it equals x1 (g).

The most important fact about local lifting which remains to be proved is

(3) If w is an absolutely cuspidal representation of G(F') then m has a lifting in the sense of criterion

(ii) of §2. It is independent of o.

This will be proved in §11. See especially Proposition 11.5. I observe now that the results of this paragraph,
including Lemma 7.17, which is to follow, imply, when taken together with the assertions (1), (2), and (3), the

results (a)-(g) of §2, except for (e), which appears as Lemma 11.8.

It follows from (3) and Lemma 7.6 that every representation 7 has a lifting. Moreover it follows from Lemma
7.16 that it only has one lifting that satisfies (ii). Thus the unicity of the lifting could fail only if 7 had one lifting
in the sense (i) and another in the sense (ii). By Corollary 7.3 and Lemmas 7.4 and 7.5 this could only happen if

7 = 7(p, wr) with ur=1(x) = |2|*!. Since 7 is a principal series representation and its lifting in the sense (i) is
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special, this lifting cannot also be a lifting in the sense (ii). It follows from Lemmas 7.4 and 7.9 that a lifting in the
sense (ii) cannot be cuspidal, and from Lemma 7.14 that it cannot be a 7(1/, v’). So 7 has no lifting in the sense

(ii), and the unicity is established.

By definition II can be a lifting only if II” ~ II for all 7 € g. If this condition is satisfied then, by Corollary
7.3 and Lemmas 7.4 and 7.5, Il is a lifting except perhaps when it is cuspidal. That it is a lifting when it is cuspidal
follows from (3), Lemmas 7.9 and 7.12, and the completeness of the characters of square-integrable representations
of G(F'), a consequence of Lemma 15.1 of [14]. The property (c) follows from Lemma 7.14 and 7.17; and (d) is
a formality, as is (f). In so far as (g) is not an immediate consequence of the definitions and the unicity, it is a

consequence of (3) and Lemma 7.6.

In our scheme for proving the results of these notes, the following lemma plays a critical role. It is a shame

that our proof is so uninspired.

Lemma 7.17 Suppose 7 is an irreducible, admissible representation of G(F') and 7 ~ w ® 7. Then{ = 2 and there

is a quasi-character 6 of E* such that m = 7(7) with
T = IHd(WE/F, WE/E7 9)

Moreoverift = w(7) thenm ~ w ® 7.

Suppose ™ = (i, ). Then w @ m = 7(wp, puv). Thus T ~ w ® 7 if and only if y = wr, v = wy; so w? = 1
and £ = 2. If { = 2 and 0(z) = u(Nz), then m(7) = 7(p, wp) ([14], Theorem 4.6 together with the remarks on
p-180). If F is non-archimedean and m = o(u, v) then m % w ® 7. (This follows readily from Proposition 3.6 of
[14]). If F is R every square-integrable representation is a 7(7) for some 7, and it follows from Theorem 5.11 of

[14] that 7r(7 ~ w ® 7 (7).

Suppose finally that F' is non-archimedean and 7 is absolutely cuspidal. We may as well suppose also that
7 is unitary. Let

G+ (F) ={g € G(F)|w(det g) = 1}.

We begin by remarking that if 7 ~ w ® 7 then the restriction of 7 to G4 (F) is reducible. Indeed suppose the

restriction were irreducible. There is an operator A on the space of 7 such that
An(g)A™" = w(detg)w(g9) g € G(F).

The irreducibility and the admissibility of the restriction of 7 to G4 (G) together imply that A is a scalar. We
deduce a contradiction, viz.,

Ar(g)A™  =n(9) g€ G(F).

We also see immediately that £ must be 2, for if £ is odd w is not trivial on Z(F').
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Take ¢ = 2 and let 7 be one of the irreducible components of the restriction of 7 to G4 (F). Let m acton V.

Define a G(F)-invariant map from the space of r = Ind(G(F), G4+ (F),n") to V by

D D ()

If 7 extended to a representation 7’ of G(F) then 7’ #£ w ® 7/,
r=7"®wer)

and 7 ~ 7’ or m ~ w @ 7. This is impossible if 7 ~ w & 7.

Choose h in G(F) with w(deth) = —1 and set 7~ (g) = 7" (h~'gh). We conclude that if 7 ~ w ® 7 then
7t % 7~ and the restriction of m to G(F) is 7" @ m~. A straightforward imitation of the proof of Proposition 7.4
of [14] shows that the characters of 71 and 7~ exist as locally-integrable functions on G (F). Fora ¢t in G4 (F)
with distinct eigenvalues we define

X () = Xt (8) = X (1)

Let T" be the Cartan subgroup to which ¢ belongs. If T is split or the quadratic extension determined by 71" is not
isomorphic to E thereis an s € T'(F) with w(det s) = —1. Then

X (t) = X+ (s7't8) = Xt (£)
and
X+ (t) = 0.

I observe that the function X can be defined for any 7 for which 7 ~ w ® 7, provided that X .+, X are known,

for some reason or another, to exist as functions. It is only determined up to sign.

Choose a Cartan subgroup 7' so that the corresponding quadratic extension is isomorphic to £. The

orthogonality relations for G (F') yield the following lemma.

Lemma 7.18 Suppose T is unitary and absolutely cuspidal and the function x, is defined. Suppose also that the

restrictions of m and 7’ to Z(F’) are the same. If 7 is not equivalent to 7’ then

/ X ()X () At)?dt = 0.
Z(F)\T(F)

If w lies in the normalizer of T in G(F') but not in T'(F’) then

X (wtw™) = w(det w)x (¢)
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and the standard theory of crossed products shows that w(detw) = w(—1). Fix a regular ¢, in T'(F) with
eigenvalues ag, by. The ordering ag, by determines an order of the eigenvalues a,b of any ¢ in T'(F). If 0 is a

quasi-character of F, which we identify with T'(F'), we set

a—>b ) 0(t) + 0(wtw™1)

() = MB/F. ) ( -

ap — by

Here 1) is a fixed non-trivial character of F'and A(E/F, 1)) is defined as in [21]. We extend ¥y to a locally integrable

function on G(F) by setting x¢(g) = 0 unless g = h~'th with ¢ regular in T'(F') when we set

Xo(g9) = w(det h)xo(t).

Lemma 7.17 is now a consequence of the completeness theorem for characters of Z(F)\T'(F') and the following

lemma.

Lemma 7.19 Suppose
T = IHd(WE/F, WE/E7 9)

and 7 ~ 7(7). Then ™ ~ w ® 7, and x; exists as a function and is equal to +xj.

This is the lemma with the embarrassing proof. For F' = R satisfactory proofs are available; but they are
not elementary. A quick proof which is neither satisfactory nor elementary can be obtained along the following
lines. It follows from the results of §5 of [14] that if 7 = 7(7) then 7 ~ w ® 7, and it follows from general results
of Harish-Chandra that x; is defined as a function. To compute it one has to find x,+ and x,- on the regular
elements of the non-split Cartan subgroup. For this it is enough to know the K-type of 71 and 7~ and that is

given in §5 of [14]. No more need be said.

For non-archimedean fields it is possible to deduce the lemma from known formulae for the characters. Since
it is harder to prove these formulae than to prove the lemma, and since no satisfactory proof of it, elementary or

otherwise, is available, it is perhaps not entirely profitless to run through a verification by computation.

According to Theorem 4.6 of [14], in which the quasi-character ¢ is denoted w and 7 (7) is denoted 7 (w), the
representation 7(7) restricted to G4 (F') is reducible. So 7(7) ~ w®7 (7). We may take 7T to be the representation
m(0,1) of that theorem. To show that x .+ and x - exist as functions, all we need do is show that the distribution
X+ — Xx— is a function, for this is already known to be true for . I observe that the proof of the lemma which

will now be given is also valid for completions of function fields.

As in [14] we realize 7t = 7(6, 1) on a space V.. of functions on F;. We need a representation of 7t (g) as

(¢ 4)

an integral operator when g is
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and ¢ # 0. We may write

(Ca)=G )G (0

This allows us to effect the transformation ¢ — 7 (g) in three steps. The first is to replace the function ¢ by

0 ad — be ” cdu Au
v —c ad — be 14 ad—bc )’

In general the transformation
0 1
Jr
™ ( -1 0 > )

o/ (1) = MNE/F,)(z)|x] / Ur()0 )yl 5> e (Ny)dy.

sends ¢ to ¢’ with

Here Nz = u,

Yp(w) = P(traceg, pw), w ek,

and the bar denotes the non-trivial automorphism of & over F. The measure on F is also to be self-dual with

respect to Yg.

The map y — Ny together with the measures on E and F' self-dual with respect to ¥ and 9 yields a

measure on

{y|Ny = u}.
We set
Tu,0) = ME/ED8@Ile [ bewo W]z
Ny=uv
and then
/ = J d
o () /F RLRECE
Observe that

/Ny—uNm f(y) Z/Ny_u f(zy).

Thus the second step takes us to the function

ad — be cdv v
0 d
v ( —c )/F+ T v)y (ad—bc) 90<ad—bc) Y

and the third to the function

ad — be au cdv v
u—>w9( — ) w(?) /}?+J(u’v)w(adbc) ('D(adbc) do-

Changing variables we see that 7 (g) is an integral operator with kernel

w0<ad_cbc>w<%)w<d_cv> J<u,ad02bcv>.

ad — be
2

c
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If f is a locally constant function on G4 (F) with a support which is compact and does not meet the group

of triangular matrices then
= [ ooy
G4 (F)

is an operator of trace class and is defined by a kernel

Flu,v) :/G . ol (ad—cbc) y (au—l—dv) 7 (% adc—2 bcv) f(g)dg.

At the cost of multiplying 7 by a one-dimensional representation, I may suppose that f is a character. Then there

ad — be
2

c

is an inner product on V. with respect to which the operators 71 (g) are unitary. On S(F; ) this must be the inner

product of Proposition 2.21.2 of [14]. If ¢ is orthogonal to S(F}) then
(o 1 )w-we) =0
0 1 ’

for all 4 and all x. As a consequence
1 =z
+ —
m ((0 1 ) Jp=¢

for all z. This we know to be impossible. We conclude that if E is the orthogonal projection on the space of
functions supported by
1

then En¢ is equal to ¢ on this set and to 0 off it, and

tracen ™ (f) = lim trace Exm" (f)En.

N—o0

The kernel of Ex7™(f)E is F(u,v) if & < |ul, [v] < N and 0 otherwise. The trace is obtained by integrating

the kernel along the diagonal.

The trace of Exy7t(f)En is obtained by taking the integral over G (F) of the product of the expression
ME/F, ) f(g) with

o(#2) [y (ser) 9(u)|u|F{ [ wE<y>e-1<y>|y|E1/z}du.

N

ad — be
2

C

If « = det g and B = trace g this may be written

al 2L ng  vsoolule] [ . 550~ ol b

Niel lel

It is understood that, in addition to the constraints explicitly given,

w(—cu) =1.
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The representation 7~ is w(6, ") where ¢/ (z) = 1 (ex) withw(e) = —1. It follows readily that

Xn+ (f) - Xn— (f)

is equal to the limit as NV approaches infinity of the integral over G (F') of the product of f(g) with

AE/E Dl [

e stppiule{ [ e bl

=

o <Jul<

<l
There is now no constraint on the value of w(—cu).

Since we may confine the integration with respect to g to a region in which |¢| is bounded below by a positive
constant and since f has compact support, the lower limit in the integration with respect to © may be taken to be

0. A change of variables in the inner integral yields

al0(0) i Vgt 1
a2 [ y_a{ /u|<ﬁ’( (try — B))d }o W)lyl5"2 = An(0).

w(=c)

We may suppose that N is approaching infinity through powers of |w|, where w is a uniformizing parameter.

lef |w=|™"

The inner integral is 0 if [try — 3] > “—5— and

N —»
=2
lc|

otherwise. Here w ™" OF is the largest ideal on which 1 is trivial.

Let E = F(§) and lety = a + bd. If r = tracey, s = Ny then

or  Or

Jda ob 9
— b5 8)2.

9s  0Os

da  Ob

We may as well suppose that the largest ideal on which % is trivial is simply Or. The self-dual measure on F is

|(6 — 5)? ;ﬂdadb which equals
drds

—o1/2"
(v — 9?7
If the support of f does not meet the set of matrices with equal eigenvalues, that is, the set where 32 = 4q, then

for N large and |c| bounded the relations

C
Ny =a, Itry*ﬂ\é%, flg) #0, yek,
imply
(v = 9)%|r = (try)® = 4Ny|p = [(try)* — 67 + 5% — da| = |6° — 4a/.
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We conclude that Ay (g) remains bounded on the support of f. If the Cartan subgroup in which g lies is not
conjugate to T' then Ay (g) is 0 for large N. Otherwise it is

ME/F,4)0(a)

(7.11) S(—IA()

{07 () +67' (1)}

if g is conjugate to y, because

—1/2
a2 = |y 5"/

and
|ﬁ2 _4a|1/2

Notice that
0(a)0~ (y) =0(5)  6()d"(y) = O(y).

Suppose g = t lies in T(F'). We have identified T(F') with E*; but how, for the identification is not

canonical? It does not matter for only the sign of x4(¢) is affected. We may for example send a + bd to

a ub
b a-+bv

if 62 = u + vd. If g corresponds to y = a + bd the lower left-hand entry c of g is b and

.
5—9

<
|

Thus if we choose #( to correspond to 6 then (7.11) is equal to xa(t).

If 6 does not factor through the norm map then  is absolutely cuspidal and ).+, .- are known to exist as
functions; so the lemma is proved for such a #. For a 6 which factors through the norm we choose a 6; which

agrees with it on F'* but does not so factor. To distinguish the two possibilities we write Ay (g, §) and Anx (g, 61).

If we can show that there is a locally integrable function A(g) such that
i [ foaso0ds= [ f@Mas

N=oo JGy(F) G4 (F)
when the support of f does not meet the group of triangular matrices we can conclude that A(g) = xg(9)
(provided the imbedding and t( are chosen as above) and that x.+ — X .- is a function outside the set of scalar
matrices, and equals xp there. Since we know that
i o F(9)An(g:01)dg = /G e f(9)xe, (9)dy
it is enough to establish the existence of a locally integrable 1 for which

lim f(9)(An(g,0) — An(g,01))dg = / f(g)n(g)dg.
G, (F) G4 (F)
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For this it is sufficient to show that

(7.12) N xw(tracey — B)107(y) — 07 (v)] lyl5'"
Ny=«

remains bounded as o varies in a compact subset C' of F'* and 3 in a compact subset of F'. Here xy is the
characteristic function of

{ul Ju] < N}.
Clearly there is a constant € € 0 such that
NyeC  07'(y) =07 (y) #0,
imply
=)l >
It follows that the expression (7.12) is at most % fora € C.

We can now assert that the difference between the distribution x ;7 = x .+ — X»- and the distribution defined

by the function x4 is concentrated on the scalar matrices. Therefore it is of the form

foaf @G
Z(F)
if
7(z) = €&(2), z € Z(F).
Here a is a constant. Since the distribution x = X+ + X.- exists as a function, we infer that a locally integrable

function ( satisfying

trace 4 (f) = a4 /Z(F) £(2)f(2)dz +/ f(9)¢(g9)dg

2 Gy (F)
exists. Let

d
and let f,,(g) be 0 unless g = 2k, z € Z(O), k € K,, when f,(g) = £~!(2). The function f,, is well defined for n

Kn{<j b) €GO)a—1=d—1=b=c(modw")

large, and, since x exists as a locally integrable function

lim tracen(f,) = 0.

n—oo

However

trace m(f,,) > tracen (f,) >0

and

lim tracen™ (f,) = g/ dz.
2 Jz0)

n—oo

It follows that a is 0.
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8. CONVOLUTION

Suppose F' is a local field and F is a direct sum of ¢ copies of F' on which the group & of order ¢ acts
by cyclic permutation. The correct notion of the lifting of an irreducible admissible representation of G(F') to
G(E) = G(F) x --- x G(F) is patent: the representation 7 lifts to Il = 7 ® - - - ® 7. But there are some auxiliary

constructions to be clarified.

The associate group “G of G x - -+ x G is a direct product
GL(2,C) x --- x GL(2,C) x B(K/F).
There is an obvious homomorphism of G to LG

©igxXT—= (g, ,9) XT.

The corresponding homomorphism of Hecke algebras takes a function ¢ of the form

d(g1,-++,90) = f1(g1) f2(g2) - - fe(ge)

to the convolution

f=frenfo
For our purposes it is simplest to consider only functions, spherical or not, of the form

¢ (91,5 90) = fi(gr) -~ fe(ge)

and to define the map ¢ — f, which will play the same role as those introduced in Paragraphs 5 and 6, by the
convolution product

f=Forenfe

It is implicit that the factors of G have been ordered. The order is not important provided that o : (g1, -, g¢) —

(92, -, ge, g1) is a generator of &.

If
6= (01,-,0¢)

then
N6 = (61---80,00--- 8001, ,00010p_1)

is conjugate to

NG = (81--60,81--8g,--,01---00) = (7,--+,7)

which lies in G(F), if G(F') is identified with the set of fixed points of & in G(E).
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The integral

/ d(h~ Y60 (h))dh
G3(E)\G(B)

when written out in full becomes
/ Fu(hT 0ha) -+ fos (6o the) folh ek )dh.
G (E)\G(E)
We introduce new variables by
g1="h1,92=h3'02 - 8ehy, -+, ge—1 = hy ' 8e—16¢h1, ge = by 'Seha.

Then G¢ (E) becomes
{(97 17 ) 1)|g € G’Y(F)}

and the integral itself becomes

/ Filgr 9195 ) f2(9295) -+ felge)dgy -+ dge
Gy (F)\G(F)XG(F)x-xG(F)

which is
/ flg™ vg)dg.
G (F\G(F)

Suppose 7 is an irreducible admissible representation of G(F) on V and letIl = 7 ® - - - ® m. We extend II

to a representation I’ of G(E) x & by letting
Mo):v' @@ - 1?*@*® - @v @vl.

We choose a basis {v;} for V so that

tracew(f) = Z mii(f)
if f is a compactly supported smooth function on G(F'). The matrix of
() (0) = (x(f) @ @ 7(fe))IT'(0)

with respect to the basis {v;, ® --- Q@ v;, } is

iy g2 (fl)ﬂbjz (f3) C T (fé)

and its trace is

Z 7TZ'11'2 (.]61)71'1'271'3 (fg) cee ﬂ—ilil (fz) = trace 7T(f1 koo k fe) = trace W(f)

Here f is the image of ¢.
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Since the character of 7 is a locally integrable function x the trace of II(0)Il' () is equal to

/_ fi(g195 ") f2(g295 1) -+ fe(ge)dgr - - - dge.

G(F)

If we change variables this integral becomes

/_ (g1, 90)Xx (g1 -+~ ge)dg.

G(F)

Thus xq is a locally integrable function on G(E) x ¢ and xm/(g x o) is x=(h) if h is Ng and has distinct

eigenvalues.

It will be important to know the range of the map ¢ — f. It is clear that it is surjective if F' is non-
archimedean, that is, every smooth compactly supported f is the image of some smooth compactly supported
@. If F'is archimedean we can apparently obtain all smooth f if we only demand that ¢ be highly differentiable
and in addition allow finite linear combinations of the simple functions ¢(g) = f1(g1) - - - fe(ge) ([8], [19]). This
is adequate, for the twisted trace formula will be valid for a function ¢ which is sufficiently differentiable. This

will have to be the meaning attached to smooth in Paragraphs 10 and 11.

If £ is a character of F'* or Z(F') the observations of this paragraph are also valid for a function ¢ =
(f1, -+, fo) with f; satisfying
filzg) =€ (2)filg)  z€ Z(F).

One has merely to define convolution suitably.
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9. THE PRIMITIVE STATE OF OUR SUBJECT REVEALED

The derivation of the trace formula is such that it yields an expression for the trace, an invariant distribution,
as a sum of terms of which some are not invariant and are not well understood. In many of the applications of the
formula these terms have appeared with coefficient 0 and could be ignored. In the application we now have in
mind they are not so easily suppressed. It is however possible to circumvent most of the difficulties they cause,
but not all. Our ruse succeeds only if accompanied by some insight or hard work. The former failing we resort

to the latter.

It is convenient to choose the forms defining the Tamagawa measures on NV and Z\ A to be

dn = dx, n(é f))’

wtag) (3 0)

The maximal compact subgroup K of G(F') will be chosen to be G(O) if F is non-archimedean and to be the

standard orthogonal or unitary group if /' is archimedean. We choose the measure dk on K so that

/ h(g)dgz/ / /h(ank)dadndk.
Z(F\G(F) Z(F)\A(F) JN(F) JK

Let A(g) be the function on A(F)\G(F') obtained by writing g = ank, a € A(F), n € N(F), k € K and
setting A(g) = A(n), with A(n) defined as on p.519 of [14]. If v € A(F’) and A(y) # 0 set

A f) = A) /A e, 19N

We are interested in f which are smooth, satisfy

flz9) =€71(2)f(9), 2 € Ng/pZ(E),

and have compact support modulo Ng,rZ(E). We shall write w as the sum of A5(7, f) and As(y, f) where
f — As(y, f) is an invariant distribution and where A3(7y, f) extends, for each f, to a continuous function on

A(F') whose support is compact modulo Ng,pZ(E).

;¥

AOL —capy [ [ g0 (G U0 wmslaa

If

then

which in turn equals

‘9 19‘) dadk.
b a

1/2
k*l 1 l’)k ([ 76
/K/z|>‘1§‘f( 7<0 1 )R nlz] o
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Suppose first that F' is non-archimedean. If |1 — g‘ > 1setb(v, f) and ¢(v, f) = 0. Otherwise set

|2 b
b(v, f) = 3 f(a)/ / <€nx|€n1—D dxdk
K el <=2 ¢
1/2
a b
= |- 1——fa// In|x|dzdk
b ~|f(a) i Do 2|
and ) e
() ==z I=len|=| flg™'ng)dg,
Gn(F)\G(F)
with

(11
nfa()l

As usual, w is a uniformizing parameter for F'. Define w(z,y) by

We define Az (v, f) to be
In

- Z\Fw, 1)+ 000, 1) + o, ).

It clearly yields an invariant distribution. Then A3(7, f) must be

N /K /F fle™ty ((1) :f) k)w(z,v)dzdk —b(y, f) = (v, f).

a
b

If f is given and if we then choose 7 so that ‘1 — g ’ is very small, the value of A3(y, f) is

- 1 =z || fn || B 1 =z

so that A3(7y, f) clearly extends to all of A(F’) as a smooth function. The factor 1 — |w| appears in the denominator

because we use the Tamagawa measures of [12].

We let 5(g) be the function on G(F') defined by

o 1) (5 a)w

Departing from the notation on p. 520 of [14], we define the function 6(a, s, f) to be

c

E .

1 ) .
N Sd
e /G o, JG B0

(11
nfa()l

with
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Then 0(a, s, f) is also equal to

—1-s

! dtdk

C
S Fk~ Nt Mntk) ’—
L(1+s,1p) /Z(F)\A(F) /K d

= 3)

It is easy to check that the derivative of 6(a, s, f) at s = 0is —As(a, f).

if

Suppose that f is the function f°, where f°(g) = O unless g = zk, z € Ng/pZ(E), k € K, when it equals
£71(2). Of course fO exists only if ¢ is unramified. All three terms in the definition of A3(7, f°) are 0 unless

|1 — g‘ < 1. If this condition is satisfied the difference between the first two terms is

_¢0 V4 d dk:fM 0 dxdk.
£(a) /K /| nle|dz ) /K /| v

_ ==
c(n,f)=- = fo(a)/K/lxgld:rdk.

Moreover

Thus A3(y, f°) is always 0.

If F'is archimedean then

Al(;’f) _ —A(;) /K/Ff(k—w ((1) (-2 z) ) en(1 + o)) dadk
_ _1’ 1/2/K/Ff(k—17 ((1) ”1”) k){zn (‘1 —2 2 + x|2> —n

a
210
Ll(lalF)/ -1
g f(g~ "ng)dg.
L(1,1Fr)? Ja, (rnc(r)

This is just another form of the definition used before; we refrain here from writing out the L-functions explicitly

([21]).

2
1-— b }dwdkz.
a

We may define
C(’Y? f) =

We set
As(y, f) =In

b
1= 2|6 + el )

ARG O LR (B

The desired properties are immediate. It is also clear that

and
a

1

2
+ |x|2> dadk — c(7, f).

el(a’oa f) = _AB(a’f)

once again.
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Continuity of Az(7, f) as a function on A(F') is, however, not enough because we will want to apply a
form of Poisson summation, for which we need to know at least that the Fourier-Mellin transform of A3(v, f)
is integrable. If we verify that the second derivatives of A3(7, f) are measures when F' = R and that the third

derivatives are when F' = C, we will have adequate control on the Fourier-Mellin transform.*

A moment’s thought and we are reduced to considering

o(t) = /F h()en(|tf? + o f?)dz

att = 0. Here h is a smooth function with compact support on F'. If I’ = R the first derivative of ¢ is

2h(tx)
O'(t) = sgnt/F T2 dx.

Since ¢’ is continuous except at 0 where it has a jump, the second derivative is a measure. If F' = C a further

reduction leads to )
orlt) = [ ha@tn(a + ),
0

A direct calculation shows that
1
/ (n(a® + [t?)d(2?) = (1+[t*)en(1 + [t[) — [t[n]t]* — 1
0

has third derivatives which are measures. We may therefore suppose that h1(0) = 0 and that 7, (z) = O(z) as
z \, 0. Computing the first, second, and third derivatives of ¢n(xz? + |t|?) with respect to the two components
of t, one finds that after multiplication by z? they are O (I%\) as |t| — 0 and that the first and second remain

bounded. It follows that the third derivatives of ¢ (t) are measures.

This is all we need for the ordinary trace formula, but we must prepare ourselves for the twisted formula as
well. Suppose E is either a cyclic extension of F' of degree ¢ or the direct sum of ¢ copies of F' and ¢ is a fixed
non-trivial elementin &(E/F). If 6 € A(E), v = N¢,and A(y) # 0 we set

A1(6,9) = A(7)/ p(g~ " 60 (g))tnA(g)dg.
Z(E)A(F)\G(E)

We are of course supposing that ¢(zg) = £5'(2)é(g), 2z € Z(E). If E is a field then ) is defined as before except
that F replaces F. If E is not a field and ¢g has components g1, - - -, g¢ then A(g) = ITA(g;).

We are going to write M as the sum of A3(d, ¢) and A3(d, ¢). The latter will extend to a continuous
function on A'=7(E)\A(E) whose support is compact modulo Z(E). Moreover if ¢ and f are related as in
Paragraphs 6 or 8 then

A2(57 ¢) = gAQ(’Y? f)

* Tam grateful to J. Arthur for drawing to my attention that Az(v, f) is not smooth.
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Therefore if ¢ is a spherical function and f is related to it as in Paragraph 5, we will also have

As(6,0) = LA3(7, f)-

We suppose first that F' is non-archimedean. We set

F(5,6) = Ay) / o(g~"60(g))dg.

Z(E)A(F)\G(E)

(i)

we set b(d, ) = ¢(d, ¢) = 0 unless |1 - §| < 1. If this condition is satisfied and

c O
= (5 4)
1/2 B
49 { / ¢<glco<g>>dg}{‘1 b‘ /] €n|x|d:1:dk}.
Z(E)G(F)\G(E) a K J{xeF| |z|<1}

b

If

we set b(d, ¢) equal to

Moreover we choose zg with trace zp = 1 and set

1
oo 7)

and

n = cng
and

al/? )
c(6,9) =~L|3| |wlin|w] flg~ no(g))dy.
G7(BE)Z(E)\G(E)
Finally
¢
42(6,6) = |1 = 2| F(5,6) +b(3,6) + c(6,0)

and

Aq (6,

A3(0,9) = % — A2(8,0).

The only difficulty is to analyze the behavior of A3(4,¢) as ’1 — %’ approaches 0. It is clear that ¢(d, ¢)
extends to a smooth function on A'~7(E)\ A(E). Moreover c(d, ¢) is independent of the choice of 2. Since we

are working with fields of characteristic 0 we may take zo = $ € F. We must consider

A1(5,9) bl

F(6,0).
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We are free to multiply & by any element of Z(E)A'~7(E). Since |1 — 2| is taken small we may suppose that c
and d belong to F.

We first treat the case that I is non-archimedean and F is a field. We must be careful to distinguish between
absolute values in F’ and absolute values in F; so for the present discussion alone we denote absolute values in

E by double bars. Observe that we may take 5 close to 1 and write it as 1 4 u with |u| small. Then

b

1—-— 1— —| = |lul.
| “ =1t

a

-

Denote G(Og) by K 7. We may rewrite the expression defining 2222 a5

7A(7)/ / / (k014150 (tnk))en||z || dndtdk.
Ke 2 AENAB) el 21

Here
If

we rewrite this once again as

—A('y)/KE//IMEHQHqﬁ(k_lt_ln_léo(ntk)) (€n|x||—€n

The second integral is taken over Z(E)A(F)\A(E).

—1
dxdtdk.

3l) 3
Bl s

The integral with respect to x € E may be replaced by a double integral, for we may first integrate over I
and then over F'\ EJ. To be more precise we replace the variable x by = 4 ¥ and integrate first with respect to y.

This forces us, if we use the usual normalizations of measures, to divide by |¢|. The new z which appears is only

determined modulo F' and we choose it so that ||z + % || > ||z|| forall y € F. Then M becomes
—A(fy)/ ///¢(k71t71n(—m)5n (%) n(o(x))o(tk)) (fn x + gH — |2 ) a -

The inner integral is over the region Hac —+ %H > H 5 ||

The region of integration may be decomposed into two parts, defined by the inequalities || %|| < [z and

] < ||%|- Since A(y) = |¢ul, the integral over the second region yields

-1
«

gH _En”gu”) E;

[ ][] ettt nimin (§) nio@not) (emgn ~en2
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L

The inner integral is now over the region |ly|| > |[Cuz||, |ly|| > Hﬂu%” Since ||(ul| = |fu|’ = ‘1— 2|, this is the
sum of
¢
n 1*5 F(6,0)
and
-1
_ “ly=1 Yy _mle a
(9.1) ////¢(k r~n(=a)in (L) no())o(th)) (€n|y|| tn BH) -
and
-1
02 [ [ [ et (§)atonon) (el - el 5| - emtea) [ 5]
and the integral being over ||y|| < ||fuz]|,
1y v — | 9| - all
9.3) //// rn(=a)in (L) n(o(w))o(th) (€n|y|| tn 6H €n||€u||)‘

the integral now being taken over ||y|| < Hﬁu% H In all of these integrals we may replace d by c.
The integral (9.1) clearly extends to a smooth function on A(E). Letting s in A(F’) be
(5 5)
0 5

B L we may change variables in (9.1) to obtain

and representing y as

(9.4) 1=zl [ [ [ ot n(-a)enon(o(@)otei)| B

The integrals are over K, Z(E)\A(E), and N(F)\N(E).

o
In||=||dxdtdk.
B

In the first region || || < [|z||. Since ¢ is 0 where ||z|| is large and ||ul| is small we may replace y by 0 and 4
by cin the integral over the first region, as well as in (9.2) and (9.3). The sum of the integral over the first region

with (9.2) and (9.3) is equal to

(9.5) /KE/ A /N(F)\N(E) ok~ 7 n(—x)en(o(x))o(tk))y(z, t)dedtdk

where 9(x, t) is H%H_l times

/”y”g”z“z“ +/ (fnllyll—m a —€n||€u||)
HyH>H€u%H |y“<H¢u5H
minus
Yy a
[ul ||y\|<\|ZzH :H_HMHEH'

y
=4[] 5]
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We have to convince ourselves that the result in b(d, ¢).

Although the principle to be invoked will be the same in both cases, it is simpler at this point to treat ramified
and unramified E separately. If F is unramified then the tree X is a subtree of X(E) and every double coset in

Z(E)G(F)\G(E)/Kg has a representative g for which

d(gpy) = dist(gpo, po) = dist(gpo, X).

Two such representatives lie in the same double coset of K\G(E)/Kg. Thus each double coset in
Z(E)G(F)\G(E)/Kg is represented by a double coset in K\G(F)/K g. Moreover
/ (97" el
Z(E)G(F)\G(E)

is equal to the sum over those p’ in X'(E) for which d(p') = dist(p, po) = dist(p, X) of

1 —1
meas Z(0)\ K /gpé—p’ é(g~ ea(g))dg.

On the other hand every double coset has a representative

=0 7) (5 5)

where [|z]| = 1and ||z + y[| > ||z| forally € F. If [z > H%H and ||8|| = 1itis a representative of the type just

described.
(1 =z
\fﬁo - 0 1 P—k
o—o—o—o—ol—o—o 2 = ||lollF
o e 1511 = llll
Two such g, say g1 and g2 lie in the same right coset of G(E)/Kg if and only if ||a1|| = [Jaz| and 21 =

z9(moda; Og). On the other hand, no matter what the absolute value of x is, if ||z|| < || % H then
1 =z a 0
0 1 0 g

We first examine that part of (9.5) for which n(z)t lies in the trivial double coset. Then ||fuz|| < Hﬁu% -

liesin Z(E)G(F)K.

Moreover ||z > ||y| implies ||z + 4|| = [|z;so ||z + ¥|| < ||%H Thus
-1
B
U(x,t) = a / Kn‘ IZ dy
Bl iwifeug||  IHoua
_(221)
Sy |¢u) Inly|dy.
p lyl<1
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We first integrate with respect to k. This allows us to replace n(x)tk by k and yields, since [fu| = |1 -t

product, labelled (9.6), of

, a

b
-2
a

{ . qb(k’_lca(k:))dk:} {/y|§1€n|y|dy}.

There are however two Haar measures on K, dk and dg, the restriction of the Tamagawa measure of G, and

meas Op meas Z(Og)\A(Og)
measO  meas Z(0O)\A(O)

and

measOEmeasZ(OE)\A(OE)/ dk:/ dg.
Kg Z(Op)\Kg

A similar observation applies to K. Thus (9.6) equals

% { - ¢(91w(9))d9} {/K/lyqfnlyldydk}

which is the contribution to b(6, ¢) it is supposed to yield. If |z| > H%H then since ||y|| < ||4z| implies

|z + %[ = ll=l,
al 3 f
Pz, t) == {/ En‘ I |£u|/ In||—
s Iyli<eus) || uc lyli<liel Il @
-1
(@]
== |lul Inly|dy.
xf3 ly|<1

Once again we integrate with respect to K and then with respect to = and ¢, keeping n(z)t in a fixed right coset

Qo

of G(F)/Kg. Thus, for example, = varies over zg + 22Opg modulo F'. The result is, as before,

Bo
b (7)) _% 1
01— - ¢(g9~ co(g))dg {nly|dydk
al ||zoBo 0K K Jyl<1
if
go = n(xo)to.
The expression is not changed if xy is replaced by %xo, and ag, By by anag, £180 with aq, B in F*.
Thus we may always normalize so that |zo] = 1 and §yp = 1. Then ¢ is determined modulo A(Og). As we

let zy and ¢ vary can we obtain all right cosets of K within a given double coset of K\G(E)/Kg? No! -

because 1z is taken modulo F so that if the right coset represented by n(x¢)to occurs then that represented by

_1
sl
00

n(xo+y)to, y€ 0,y ¢ %OE, doesnot. This means thata single right coset must stand for H % H p. H
altogether. Since this factor occurs in front of our integrals we may remove it, and then have a sum over all right
cosets in the double coset of K\G(F)/K g representing a double coset of G(F)Z(E)\G(F)/Kg. We conclude
that (9.5) is indeed b(d, ).
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If E is ramified then the set X may still be regarded as contained in X(E), but to obtain a subtree we have to
subdivide each edge of X into £ equal parts. The subdivision performed we may choose as representations p’ for
the orbits of Z(E)G(F') in X'(E) those points p’ for which d(p") = dist(p, po) for which the closest point to p in
Xisp,in A(E) with0 < 2 < L. If 2 = 0let Ko be Z(O)K. If0 < 2 < £ let

Ky = {(Z Z) € Z(O)K|c = O(modw)}.
If z = % let it be the group generated by the previous group and
10 1
“E\w 0

where wg is a uniformizing parameter for £. Notice thatif z = % then ¢ = 2. If p} and p, are two possible choices
for representatives of an orbit then z; = 23 and p}, = kp} with k € Kj. Thus each double coset Z(E)G(F)hKg

is represented by a double coset KouKg. If pis 1 for z = 0, %1 for z = %, andg+1for0 < z < % then

/ “Lea(g)dg
Z(E)G(F)\Z(E)G(F)hKg
is equal to
p -1, -1
d
e Te oo e )y
because
meas Z(0)K
meas K

If p’ — p and the closest point to p in X is p, with g < z < {then p’ lies in the orbit represented by p’ where

the closest point to p is py—.. Every double coset has a representative

(6 1) 6 5)

where z is such that ||z +y| > ||z forally € F. Let ||z|| = ||=|~7 and H%H = ||@||*. Here w is a uniformizing

parameter for F. Let j be the smallest integer greater than or equal to %. If ||z|| < || 3 || then gp}, lies in the orbit of

Z(E)G(F) whose projection to X(E) contains p, withz = (j —kif (j —k < Land z = £ — (j — k) if (j — k < £.
o—6—0—0—0—0—0—0—0

Dz P—k = gPo

If ||z > || 3 | then, multiplying by an element of A(F), we may suppose that 0 < z < £. Observe that p. is the

\g\po

o—o—o—o—o—ol—o—o
Pz

P—k

closest point to gpp in X.
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We first examine that part of (9.5) for which n(z)¢ lies in a double coset corresponding to an orbit which

meet X, that is, for which [|z|| < H%H Then

-1

w<x,t>=]1—9

(07

g

a

/ n
lvii<|| 5 ||

In particular it is independent of x. We first integrate over K g to obtain a factor

B
y—||dy-
a

¢k Lo (k))dk
Kgp

and then with respect to  over 50g modulo F'. This yields a factor
meas Og ||«

g

|| 7.

meas O

Multiplying by ¢(z, t) and ignoring the terms which do not depend on = we are left with an integrand

|w|_j/ En‘ b dy:/ In
lvii<|| 5| lyli<1
_ |=ltn|=|

2
/ €n|y|dy - dy
lyl<1 — @l Jiy<a

Y

J
“ Bde

« (0%

Since

the right-hand side equals

(9.7) el -0 (i-3) H /lyglemywy}.

If we are interested in the double coset represented by the orbit whose projection on X(E) contains p., 0 <

z < £ wemust take j — % tobe Z or 1 — 2. Integrating (9.7) over the relevant part of Z(E)A(F)\ A(E) we obtain

measA(OE)/
peas AE) tnlyldy
P meas A(O) Jiy<1 vl

where pis1if z =0, %1 if z = %, and ¢+ 1if0 < z < %. Gathering everything together we obtain p times (9.6),

which is exactly what we need.

We next consider a double coset whose projection on X(E) does not meet X. The product n(x)t can lie in

such a double coset only if ||z]| > || 3|, and then

w<x,t)'19

a

«

B

—1
/ In L
lyll<ll=|l

dy.
x

As before we first integrate with respect to k to obtain a factor

ok~ g™ co(gk))dk
Kg
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if g is some fixed representative of the right coset in which n(x)¢ is constrained to lie. Take

1 =z « 0
=6 ¥) (5 &)

The integration over o + $Op, on which [|z[| = [|zo| is a constant, yields a new factor
meas Op || o _
—— B2 ||
measO || 0
if H 3 H = |@||? and j is defined with respect to £ as above. If ||z|| = ||| =% and i is the smallest integer greater

than or equal to —7 the product of this with ¢ (zo, to) is

1_9 meas Og
a| measO
times
(9.8) |w|_j_i/ In LZ dy.
lyll<1 w'r

At this point we are free so to normalize g and 0 < z < fand ¢ = 0 and 89 = 1. Then (9.8) becomes, for z cannot

be O,
Ew_j{/ Eny|dy} {1—1—(|w|_1 —l)f}.
lyl<1 ¢

The final integration with respect to ¢ simply introduces a factor

meas Z(Og)\A(Og)
meas Z(0)\A(O)

We could now collect together the terms and find the contribution of the right coset n(x) to Kg. However,
we are interested in the total contribution from all the right cosets which, with z and ¢y normalized, lie in a given
double coset KouKE. As before, not all possible right cosets appear, for zg is taken modulo O. However, we
may pretend that all occur if we suppress the factor || ~/. We must also remember, since we are really interested
in double cosets with respect to Z(E)G(F'), K, that we may obtain two double cosets in Ko\G(F)/K g which

lie in the same double coset in Z(E)G(F)\G(F)/Kg. To pass from one to the other we must replace z by £ — z.

Since
(1 ¥ (jo| ! = 1)%) + (1 4 (jw| "t = 1) (1 - %)) —g+1
and
L (ol = 1) = 2

we can finish simply by gathering together the pieces.
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Before analyzing the behavior of A3(d, ¢) when E is not a field, we introduce another expression for its value

when N is a scalar. If ¢ belongs to E* and

1 =z
n0<0 10>, tracezg = 1,

we introduce 0(c, s, ¢) as L(1 + £s, 1)~ times

/ / qﬁ(k_lt_ln_lcnoa(ntk))Hg’
Z(ENA(E) IN(F\N(E) JKp b

It is clearly independent of the choice of zp; so we may take zp = %. The derivative of §(c, s, ¢) at s = 0 is equal

—1-s

dndtdk,

to the sum of

-1

-1
7/ / gb(kltlnlcnoa(ntk))Hg‘ n 9‘ dndtdk,
L(L1F) Jzepae) Inaenne) Jis b
which is the negative of (9.4), and
ol
—L|w|ln|w| / qb(k:_lt_ln_lcnoa(ntk))H—‘ dndtdk
2(B\AB) IN(F)\N(B) JK g b
which is ¢(d, ¢). Thus
9/(0’ 0) f) = _A?)(C’ f)
If F' is non-archimedean and E is not a field then, as in Paragraph 8, ¢ is just a collection fi,---, f; of
functions on G(F) and if 6 = (1, -, d¢) then A; (4, ¢) is equal to
¢
> AM) Fi(hyt0uha) -+ foo1(hgy60-1he) fo(hy *Seha)ln(hi).

Z(E)A(F)\G(E)
We choose an ¢, 1 < i < ¢, and consider the corresponding term. We introduce new variables of integration by

the equations
9i = hiy giv1 = hii8ip1 -+ 001+ Si—vhi -+, go = hy 6401+ Gi—1hiy -+, gim1 = hi 481 hy.
If £ is the convolution

Jix fixr-ox fox fixx fia

the term in which we are interested is simply

Thus
A(1,0) =) A, fY).
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A similar change of variables shows us that

F(6,0)=)  F(y.f")=tF(y.f)

and
c(6.0) =) e, fD) = te(r. /)

if f= f(l) = f1 % --- % f;. We also see that

b(8,0) = Y b(x, fV) = b, f)-

The required property of As(d, ¢) follows therefore from the similar property of A3 (7, f).

We may again introduce 6(c, s, ¢) if ¢ € Z(E). If 3(g) is the function on G(E) defined by
1 z a 0
o 1) (5 5)w-

1
0(c,s,¢) = 7/
( ) L1+ 1s,1F) Jag (B)z(mN\G(B)

«

]

then
d(g " enoo(9))B(g)~*dg.

The derivative of 6(c, s, ¢) at s = 0 is

-1 .
14 d
L(1, F) /G (E)Z(E)\G(E) Ho™"enoag))infis)dg

o
plus

—L|w|tn|w| $(g~ " enoo(g))dg.
G3, (B)Z(E)\G(E)

We may change variables as before to see that this equals
00’ (a, 0, f)

if a = N pc. Therefore

9/(67 07 ¢) = 7A3 (C, ¢)

We must still discuss Az (8, ¢) and A3(d, ¢) for an archimedean field. We set

(6, 0) = 2 )

¢(g~ enoo(g))dg
L(1,F)? /GZU(E)Z(E)\G(E)

and
¢

A2 (67 ¢) ={n F(éa ¢) + C((Sa ¢)

1- 2
a
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while

4500,9) = 20D ay(5,6),

If ¥ is not a field we may proceed as in the non-archimedean case; so suppose I is a field. Then

A
1(0,¢) = —A(V)/ / / d(k™ I n 1t 60 (tnk) ) n(1 + |2|?)dadtdk.
2 Kp Jz(B)A(FN\AE) JE

n:n(m):((l) ’f)

Moreover the absolute value is that of an analyst and not of a number-theorist. To explain the disappearance of

Here

the 2 from the denominator we observe that
0 1 1z 0 1 (1+zz)~1/2 1 oy\
-1 0 01 -1 —z (14 2z) 0 1

Mn) = [[(1+22) M| = (1 + |2*) 7%

a 0
=5 5)
we first write this expression as

2
A k4 o (ntk))on 1 ¥
" /KE /Z<E>A<F>\A<E>/E¢( et n( ' ) ‘5

Since we are again only interested in the behavior of this integral when 7 is close to a scalar we may assume that

§ lies in A(F). Indeed we can always do this; for Fis R and F is C, so A(E) = A'=7(E)A(F). But when 7 is

and

If

B

—X
(0%

-2
dzdtdk.

close to a scalar we may in addition suppose that 7 is close to 1 if

c 0
5= ( ¢ d) |
The function ¢(9, ¢) is clearly smooth on all of A(F) and

L £

b d
n|l——| F(0,¢) —fn|l — —| F(0,0)
a C
is smooth as long as we keep ¢ close to 1, for then
g4
a c c
and
d
In|l+ —'
c
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is smooth. Thus we have ony to investigate the behavior of
¢

A1(9, ¢) d
——= —I(n|l——| F(J,9¢).
> — el 5| F(5,0)
Note that £ = 2.
In the integral defining M we write = as 5 + 7v and integrate with respect to u and then with respect to

v. We start from
n(—2)on(0(x)) = n(—iv)dn ((1 - ‘—l) g) n(—iv)

c

and the change variables so that the 1 — % disappears. This replaces —A(y) by —’ 3 ‘ Y% and tn (1 + ‘gﬂc‘2) by
2 2 2

En{ <1+‘év >+ﬂ]€n‘lé

o 2c c

2
In

F(6,0)

d 2
1- 2

c

If we subtract

d
1-2
c

‘1/ ? times

-2

2
I (|2 ) o e
C a

2

we are left with — ‘ %

J focm Gl () 2]

The two outer integrals are over K and Z(E)A(F)\A(E). This is a continuous function of § for £ close to 1.

1- 2

As § — cin E the value of A3(d, ¢) approaches the sum of three terms:

-2 2
1, . U . o Bu
— ok~ n(—iv)en ( = ) n(—iv)o(tk))|=| In|=—] ;
/KE /Z(E)A(F)\A(E)/ ( =) (2) (i th) g 20
and, since 1 + % — 2,
—2
—2€n2/ / /qb(k:_lt_ln(—iv)cn (E) n(—iv)o(tk)) a ;
Kp JZ2(E)A(F)\A(E) 2 B
and
(15im‘ —c(6, 9).
The first two terms together yield
U al™! Bu 2
— ok~ In(—iv)en (= ) n(—iv)o(tk))|=| n|—
/KE /Z(E)A(F)\A(E)/ ( ) (2) (=iv)o(th)) B a
Writing u = % we see that this in turn equals
ST A SR
_— o(g~t7'n" “engo(ntk))|=| In|—
L) Jrp Jzenam) NN (E) ( oo (k) p a

We conclude once again that

A3 (07 ¢) = _0/(0’ 0’ d))

Itis also easily shown that if A3(d, @) is regarded as a function on A' =7 (E)\ A(E) then its second derivatives

are measures.
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10. THE TRACE FORMULA

The results on global lifting as well as the remaining results on local lifting are obtained by combining the
local analysis which we have carried out with a comparison of the trace formula over I’ and the twisted trace
formula over E. This is also the method exploited by Saito and Shintani. The trace formula has been discussed
extensively in recent years ([1], [9], [10], [14]) and we shall review it only briefly, stressing the modifications
necessary for the present purposes. Our discussion of the twisted trace formula, of which the usual formula
is a special case, will be only a little more extensive. Enough will be said that the reader familiar with the
usual formula will be convinced of the validity of the twisted form, but the analytical aspects of the proof will
be scamped. However, some calculations will be carried out in more detail for the twisted case, and it may

occasionally be useful to glance ahead.

We recall some of the notation introduced in §2. Set
Z5(A) = Z(F)NgrZ(Ap)

and let £ be a unitary character of Zp(A) trivial on Z(F'). Ls(&) is the space of measurable functions ¢ on

G(F)\G(A) which satisfy
(a) p(2g) = £(2)p(g) forall z € Zp(A)

lp(g)*dg < oo.

(b) /
ZE (A)G(F)\G(A)

G(A) acts on Ls() by the right translations,

7(9)p(h) = ¢(hg).

The space L(€) is the direct sum of three mutually orthogonal subspaces, L,(¢), L, (¢), and L (£), all defined
in §2. The representation of G(A) on L, (&) + L%, (€) is denoted r.

Let f be a function on G(A) defined by

f(g) = HU fv(gv)a

where the f, satisfy the conditions (i), (ii), and (iii) imposed in §2. Recall that

r(f)e(h) = @(hg)f(g)dg

/NE/FZ(AE)\G(A)

if o € Lyp(€) + L2 (). Itis of trace class. We start from the formula for its trace given on pages 516-517 of [14],
taking account of the trivial modifications required by the substitution of Zg(A) or Ng,pZ(Ag) for Z(A), and

rewrite it in a form suited to our present needs. In particular, we shall express the trace as a sum of invariant
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distributions, along lines adumbrated in [23]. Unless the contrary is explicitly stated we shall use Tamagawa

measures locally and globally (6 of [23]). This will remove some of the normalizing constants of [14].

The first term of this sum, corresponding to (i) and (ii) of [14] together, is

(10.1) 3, lmenstNe ARG NG () [ sty 0o

The sum is over conjugacy classes in G(F') for which G~ (F') does not lie in a Borel subgroup taken modulo

Np/rZ(F). £(v) is § or 1 according as the equation
07 ys = 2y

can or cannot be solved for § € G(F) and z # 1in Ng,pZ(F). Observe that the extension is cyclic and that
Ng/pZ(E) is therefore
Z(F)NNg/rZ(Ag).

If A is the group of diagonal matrices the set D of all characters n = (u,v) of A(F)\A(A) for which
uv = € on Zg(A) may be turned into a Riemann surface by introducing as parameter in the neighborhood
(ulal?,v|al=2), s € C,of (i, v) the variable s. Differentiation with respect to s is well defined. We denote it by

a prime. We may also introduce the measure |ds| on the set D of unitary characters in D.

We write p(g, n) for the operator p(g, i, v, 0) introduced on p. 513 of [14] and set

— dg.
p(f,m) /NE/FZ(AE)\G(A) f(g)p(g,m)dg

If 7, is the component of 1 at v we write R(1),) for the operator R(u,, vy, 0) introduced on p. 521 of [14], noting
that the factor £(1 — s, u;, 'vy, 1, ) occurring in that definition should be (s, v, *, 1), and set

L(1,vu=t)

W ®y R(1y)-

M(n) =

We also let m(n) be the function
L(,vp™h)
L(1, p=1)

The term (vi) of the trace formula of [14] may be written
1
(10.2) —1 Y trace M(n)p(f,n).
v=(p,11)
The term (vii) is

1

(10.3) el m~Y(n)m/ (n)trace p(f,n)|ds|.
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It appears at first sight that a factor ¢ should appear in the numerators because the integral on line 4 of p. 540
of [14] is now over G(F)Ng,rZ(A)\G(A) rather than G(F')Z(A)\G(A). This is, however, compensated by a
change in the measure on the dual D°.

Let 1 be the trivial character of the ideles of F' and let A\ be the constant term of the Laurent expansion of

L(1+4s,1p)ats =0. Let
(11
n=1y 1)

(10.4) Z 2% Hv L(1,1p,)7! / f(g tang)dg.
) G

a€ENg,rZ(E)\Z(F n(FO\G(Fy)

The first term of (v) becomes

Those who follow the discussion on p. 532 of [14] will see that the ¢ occurs in the numerator because we have

replaced Z(A) by Ng,rZ(Ag) and

[Z(A): Z(F)Ng/rZ(AEg)] = L.

If

belongs to A(A,) set
(CL . b)2 1/2

ab

Ay(y) =

v

and let

-1

F(y, fo) = Au(v) vg)dg.

/ flg
AQN\GQ,)

Let A\(g) be the function on A(F,)\G(F,) obtained by writing g = ank, ,a € A(F,), n € N(F,),
k € K, and setting A\(g) = A(n) with A\(n) defined as on p. 519 of [14]. If v € A(F,) set

A1, £o) = Au(y) /A o 60N

Because of the product formula the term (iv) becomes

*%gAfl Zv Z Al(’Y?fv) Hw;ﬁv F(’Yhflﬂ)

YENE, rZ(E)\A(F)
YEZ(F)

A_1, the residue of L(1 + s,1p) at s = 0, appears because we must pass to the normalized global Tamagawa

measure. As before, an £ appears in the numerator because

[Z(A): Z(F)Ng,rZ(AEg)] = L.
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The results of the previous paragraph allow us to write the sum of (iv) and the second half of (v) as the sum

of

(10.5) —lX_1 ZU ZyeNE/FZ(E)\A(F) Az(7, fo) Hw# F(v, fuw)
YEZ(F)

and

(10.6) —a Y ZWENE/FZ(E)\A(F) As(7, fo) Hw#} F(Y, fuw)-

We may apply the Poisson summation formula to (10.6) and the group Ng,rZ(Ag)\A(A). However,
departing a little from the usual convention, we apply it to a function, that of (10.6) which transforms under
Ng/pZ(Ag) according to ', Then the Fourier transform will be concentrated on D°. We may compute the
Fourier transform locally if we remember at the end to divide by A_;, for the global measure differs from the
product of the local measures by this factor. The Fourier transform of F'(v, f,) is p(fu, 7). Let B1(fy, ny) be the
Fourier transform of As(v, f,). Since

(Z(A): Zp(A)] =1

the dual measure on D° is

1

Let
B(fu. ) = 5 Trace(R™ 0n) R (n)o(for ) — Bafuo o)

Then (10.6) may be put together with (viii) of [14] to yield

(10,7 o |32, Bl T1,, trace o) sl

The trace in which we are interested is the sum of (10.1), (10.2), (10.3), (10.4), (10.5), and (10.7). Since (10.7) occures
in a linear equality in which all other terms are invariant, it must be invariant. It is not hard to deduce from this
that f, — B(fy, ) is also invariant. Since we do not need this fact we do not give its proof. The idea involved
will come up later in a different context. Observe that R (7, ) has been so defined that B(f?,n,) = 0 for all ,,, if

4 is the unit of the Hecke algebra. Thus f{ is supported in G(Or, )Ng, /r, Z(E,) and is invariant under G(Op, ).

Let (g be the character z — {(Ng,pz) of Z(AE) and, as before, let L,({r) be the space of measurable

functions ¢ on G(E)\G(AE) satisfying

(a) ¢(29) = €r(2)p(g) forall z € Z(AR)

(b) p(9)dg < o0.

/Z(AE)G(E)\G(AE)
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The representation 7 of G(Ag) on the sum of Ly,({g) and LY, (£g) extends to a representation r of G'(Ag) =

G(Ag) x ®ifweletr(r), 7 € &, send p to ¢ with
¢'(h) = @(r7 1 (h)).

If
P(g) = Hv bu(gv)

is a function on G(A ), where the ¢, satisfy the conditions of §2, then we defined r(¢) by

r(¢) = 9)r(g)dg.

o
/Z<AE>\G<AE>
We can use the usual techniques to develop a formula for the trace of r(¢)r (o).

The kernel of 7(¢)r (o) is
ZZ(E)\G(E) ¢(g~yo(h)).
Let P be the projection of Ls({g) on Ll (£g). As on p. 538 of [14] we may find a formula for the kernel of
Pr(¢)r(o) in terms of Eisenstein series. Let Dg be the set of characters of A(E)\A(Ag) which equal £g on
Z(Ag) and let D% consist of the unitary characters in Dg. We may introduce the parameter s on Dg as before.
If n = (p,v) lies in Dg we introduce the space B(n) = B(u, v), together with the representation p(n) of G(A)
on it, as in Chap. 10 of [14]. Of course E is now to be substituted for F'. As observed on p. 512 we may regard
the space B(n) as depending only on the connected component of Dy in which 7 lies. In each of these connected

components we choose an orthonormal basis {¢; } of B(7). Let

o7 (9) = pi(o(g))-

If E(g, ¢, n) is the value of the Eisenstein series defined by ¢ at g and 7 then the kernel of Pr(¢)r(o) is
= |3 e B s
471_ DUE i,jp” 777 nglan a@jvn S|.

It would be pointless to introduce the dependence of the basis on the connected component into the notation.
Observe that

p(é,n) = )p(g)dg.

- /Z(AE)\G(AE)

We form the difference of the kernels and integrate along the diagonal. We begin by separating from the

integrand some terms whose integral converges and can easily be put in the form we need. We take the sum

> g™ ve(g))
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over those elements v, taken module Z ( E), which are not o-conjugate to a triangular matrix in G(E). We rewrite

it as a sum over o-conjugacy classes

Z{v} =) ZZ(E)Fg(E)\G(E) $(g~"07 o(d)a(g)).

Here £(v) is 3 or 1 according as the equation
5 1yo(8) = 2y

can or cannot be solved for § € G(E) and z in Z(E) butnotin Z(E)! 7. Integrating we obtain

S mes(ZAD G (ENZARG M) [ ol el
(1038) S cmens ZAGIENG A [ sy ol

The convergence of the integral is a consequence of the basic properties of Siegel domains.

The next term we can break off has exactly the same form but the sum is over those  for which N+ is central.

09 X, comesZAnGENGTAR) [ ol o)

For the v appearing here, £(7) is easily shown to be 1. Moreover all but a finite number of the terms in this sum

are zero.

We turn now to the analogues of (16.2.1) and (16.2.2) of [14]. If B is the group of triangular matrices and N,

the group of triangular matrices with equal eigenvalues the analogue of (16.2.1) is

Zwez(E)\Nl(E) d(g~ "6 o (8)a(g))

and that of (16.2.2) is

1 —1¢—1
5 E E vezENAE) ¢(g7 0 vo(d)a(g)).
2 A(E)\G(E) NA¢Z(F)

We introduce the function x as on p. 529 of [14] and consider

1 —15—1
= ez(EN\B(E) (g~ 0 7v0(0)a(g))(1 = x(dg) — x(w(7)dg).
2 ZB(E)\G(E) Z”NWNI(E)

Here w(7) is some element of G(E) not in B(E) for which

wyho(w(y)™") € B(E).
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The integral of this sum over Z(Ag)G(E)\G(AE) converges. Itis equal to

1

5 / > sezmnse) o9 v0(9)(1 = v(g) — x(w(7)g))dg
Z(Ap)B(E)\G(Ag) Ny¢N(E)

which we may rewrite as

1
(10.10) - A= (BN Z(EWNA(E / d(97"v0(9))(1 — x(9) — x(wg))dyg
2 No2g B S Ay atrnaAR)

w<01 (1))

If we choose a measure onkK , the standard maximal compact subgroup of G(A E), so that

/ h(g)dg:/ / / h(ank)dadndk
Z(Ap)\G(AR) Z(Ap)\A(Ag) /N(Ag) JKg

then, as on pages 530-531, the integral (10.10) is equal to the sum of

with

Ine _
(10.11) - / $(g~"v0(9))dg
Z(Ap)A(A\G(AR)
and
1
10.12 — // ok~ n"  yo (tnk))enX(n, ) dtdndk.
(10.12) 57 ZW > van i ( (tnk))enA(n.,)

The outer integral is taken over Z(Ag)A(A)\A(ARg).

The factor £ appears in the denominator because x is defined with respect to absolute values on E. Moreover
if E, is not a field but a direct sum of fields, A(n,) is the product of the values of X at the components of n,,. We

shall return to these expressions later.

We treat the analogue of (16.2.1) as on p. 532 of [14], separating off

2(B)\Ni(B) (97107 170(8)a(9)) (1 — x(d9)).
2 semEne ZVEN(W);(F)( )

The integral of this expression converges and is equal to

/ > ezmnme) g ve(9)(1 - x(g))dg.
Z(Ap)B(F)N(E)\G(Ar) NAEZ(F)

If

_ (! % _
no—(o 1) tracezg =1

the sum of the integrand is

ZN(F)Z(E)\B(F)Nl(E) #g™"0" noa(8)a(9)) (1 — x(9))-
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Since x(dg) = x(g) the integral itself is equal to

/ (57 noo(9))(1 = x(9))do.
Z(Ap)N(F)\G(ARp)o

(6 3)

then this integral is the limit as s approaches 0 from above of

If we write t in A(Ag) as

—1-—s
/ / ok~ In " Ingo (ntk))(1 — X(t))‘ 2 dndtdk.
Z(Ap)\AAE) INANN(AR) K b
If s is positive this integral is the difference of
a —1-s
(10.13) / / / qb(k:_lt_ln_lnoa(ntk))’ - dndtdk
Z(Ap)\A(AE) IN(ANN(AR) /K b
and
a —1-—s
(10.14). / / qﬁ(k_lt_ln_lnoo(ntk))‘— x(t)dndtdk.
Z(Ap)\AAR) INANN(AR) JKp b
We suppose ¢(g) = [] #v»(go) and set 0(s, ¢,) equal to L(1 + £s, 15, )~ times
a —1-s
/ / (bv(kltlnlnoo(ntk))‘ — dndtdk.
Z(B)\AE,) IN(F)\N(E.) JK, b
For almost all v, ¢, is ¢°, whose value at g, is 0 unless g, = zk, z € Z(E,), k € Kg,, when itis

¢pl(z)meas™ (Z(E,) N Kp,\Kg,).

If

and if we take b to be 1 then
Pkt n"ngo (ntk)) = 2t n"tngo(n)o(t))

and

t™In"ngo(n)o(t) =

1

For almost all v, this matrix can be in K, only if a = oy where o™ " is integral in F,, y is a unit in I, and ax is

integral in E,, modulo F,,. If d,, is the product of the measures of the image in Z(E, )\ A(E,) of

{(g (1)) ‘ Y a unitin EU},
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of the image in N(F,)\N(E,) of
z integral in EU},

o 1)

and of K, divided by the measure of Z(E,) N Kg,\KEg,, then

0(s, ¢y) = dy.

Since the product of the d,, converges and since each 6(s, ¢,) is analytic for Res> = the product

I1 6Gs.00) =6(s,9)

is analytic for Res> _71 and its derivative at s = O is
>, 0000 ], 00.60).

The expression (10.13) is equal to
L(l + Us, 1F) 0(8, gb)

It has a simple pole at s = 0 and the constant term of its Laurent expansion is

(10.15) A09(0,¢)+% > 00.60) Hwive(o,%).

This is one of the contributions to the twisted trace formula.

The pole of (10.13) at s = 0 will have to be cancelled by a pole of (10.14) and is thus irrelevant. As on p. 534

of [14] we use the Poisson summation formula to treat (10.14). It equals the difference of

—1-—s
a
10.16 / // (k1 o (ntk ‘_ (dnidh
( ) Z(Ap)A(F\A(Ag) JJKg Z'yGN(E) ( (ntk)) b (t)
and
P

10.17 Tt n” To(nt — x(t)dndtdk.

(k1" In" o (nth))| 7 dndtdk

Kg

The outer integrals are both over Z(Ag)A(F)\A(Ag) and the inner integrals in the two expressions are over the

different spaces N(A)N(E)\N (Ag) and N(A)\N(Ag).

Let
No(Ag) ={n € N(Ag)|Nn=1}.

If g€ G(Ag)andt € A(A) then

¢(g~ 't n" o (ntg))dn =

/N(A)\N(AE)
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Notice that an absolute value with respect to F' intervenes in this formula; the other absolute values have been

taken with respect to E. Also if

lies in A(Ag) then

a —ies 1
= ttdt =
b ()t = 7 (

/Z(A)A(F)\A(A) F

Here c; is the constant used to define . Thus (10.17) is equal to

1—¢
[4

Lo // q&(kltlno(t)a(k))‘g
1+1€S L NO(AE) Kg b

The outer integral is taken over Z(A)A(A)\A(AEg), and the entire integral is finite. This function is analytic at

dndtdk.

s = 0 and its value there approaches 0 as c¢; approaches infinity. Since our final step in the derivation of the trace

formula is to let ¢; pass to infinity, it can be forgotten.

To treat (10.16) we choose a non-trivial character ¢ of F'\ A. Write (10.16) as the integral over Z(Ag)A(F)\A(AEg)

of
—1—s

% x(t)dndkdt

ZNO(E)\N(E) /KE /NU(AE)¢(k—1t—17no(t)a(k))

and take the Fourier transform ¥(v, t), with respect to 1, of the function

/ / okt yna (t)o(k))dndk
Kg JNo(Ag)

on No(Ag)\N(Ag), which is isomorphic to N(A) or A. If t € A(A) then

-1
U(tyt=1,t).
F

W(y,tt")

Since v — tyt~! spreads apart lattice points when ’%’ is large

—1-s

O‘P(%t)}x(t) ’% di

/Z<AE>A<F>\A<AE> {Z#

is a holomorphic function of s and its value at s = 0 approaches 0 as ¢; approaches co.

The remaining term is

—1-—s
/ [ st tatatnofs|  dndar
Z(AR)AFPNAAR) JKs IN(AR) b
which equals
11 1 al™t
— = (k™ t" no(t)o(k))|~| dndtdk.
ls i Jzamaanaae) Jre Inag b
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The pole of this at s = 0 cancels with a pole we have met before, but we must keep its constant term with the

opposite sign. This is

(10.19) fney // <15(k’1t17w(1t)0(k))‘g
U Jz(AmAANAGAE) JKs IN(AR) b

The product formula together with a little measure-theoretic manipulation allows us to put (10.11) in a form

-1

dndtdk.

that can be combined with (10.19) to yield

(10.20) En% 3 //KE /N(AE)qﬁ(k_lt_lvna(t)a(k))‘%

The sum is over A'=7(E)Z(E)\A(E); the outer integral over Z(Ag)A(A)\A(AE).

-1

dndtdk.

We treat what remains of the analogues of (16.2.1) and (16.2.2) as on pages 536-538. For the second we have

the sum of

1 —1s-1
5 E E v€Z(E)\B(E) (g~ 0" ya(d)a(g))x(09)
2 BIN\GE) N~¢N:1(E)

and

5 Y e SoerE s A58 0)r (@) (()).

NveN1(E)
Ify = § 1o (0) with § € B(E) then we may chose w(v') = §~1w()d. It follows easily that these two sums are

equal and that together they yield

D AT EZENAB) Doy P90 10(0)7(9))x(39)

N~¢Z(F)
which may also be written
(10.21) D ear-om)zEN {ZZqﬁ 16‘171720(5)0(9))x(69)}.
Nv1¢Z(F)

The inner sums are over 0 in A(F')N1(E)\G(E) and v in N (E). The expression in brackets is 0 for all but finitely

many 7.

For given 1 and g, ¢(9~'71720(g)) may be regarded as a function on N (Ag) or, what is the same, on A .

We choose a non-trivial additive character ¢ 5 of E\Ag and set

v = [ ot~ (o 7) o@)teds

We may apply Poisson summation to the innermost sum of (10.21). Now

/<AE G(E)\G(Ap) Z Z Zy;ﬁo U(y,v1,09)x(dg)dg
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is equal to

>/ 3, 0 V. 0)x(0)d:
M JZ(Ap)A(F)N(ENG(Ap) Y70

Taking the structure of Siegel domains as well as the compact support of ¢ into account one sees that this integral

is finite and that it approaches 0 as ¢; approaches infinity. This leaves

(10.22) Dz Das Y (0:1509)X(09)

to be considered.

The analogue of (16.2.1) still yields

—1¢—1
> vez(B\N(E) $(g~ 0" va(8)a(g))x(dg)-
B(F)N.(E)\G(E) > i,

If we observe that every element of A(E) whose norm lies in Z(F) is congruent module A~ (E) to an element

of Z(E), we see that we can apply Poisson summation to this expression to obtain a term which together with

(10.22) yields

(10.23) (0,71,09)x(d9)

Z%EAH(W(E)\A(E) ZaeA(F)M(E)\G(E)

as well as two remainder terms:

- 15 o (8 39);
ZA(F)Nl(E)\G(E) Zwejzvgi);z(v;)(m ¢(g~ 0" 70 (8)a(9))x(99);

and

U(y, 1,59)x(59).
2 s 2oy VW1 09X(09)

The integrals over Z(Ag)G(E)\G(AE) of both these functions converge and approach 0 as ¢; approaches co.

We now turn to the kernel of Pr(¢)r(c) on the diagonal. We must separate from it a term which cancels

(10.23) and calculate the integral of the reminder. Set E1 (g, ¢, 7) equal to

ZéeB(E)\G(E){w(@) + M(n)¢e(0g}x(dg)

and
Es(g,,m) = E(g,¢,m) — E1(g,0,n).

In the sum it is implicit that ¢ lies in B(7), that is

so((g 2) g9) = ma)v(b)e(g)

and that M (n) takes B(n) to B(7) with 7 = (v, ). If 1 <m, n < 2 set

Hunn(9,13%,5) = pij(6,1) Em (g, 01, 1) En(g,97,17).
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The kernel of Pr(¢)r(o) is

2

1 2 o
E /DOE Z’m,n:l Zi,j Hmn(Q, T Z’j) |d8‘ = Zm,n:l (I)mn(g)

If m or n is 2 the integral of ®,,,,(g) over Z(Ag)G(E)\G(AEg) turns out to be finite and is equal to

— N Hmn(g,n;w)dg} |ds|.
dr Jpy, Z“ Z(Ap)G(EN\G(Ar)

First take m = n = 2. A formula for the inner product

/ Ea(g, wi,n)E2(g, 97,17 )dg
Z(Ap)G(E)\G(Ag)

is given on p. 135 of [22], but in a different notation and not in adelic form. It is easy enough to take these

a 0
Oét3<0 b)*}

We may as well suppose 7 is a unitary character. If 1~ is trivial on
0 __ a 0 g o
=16 8 i)

7777_U = Qys()-

differences into account. Let ,
a

b

set

The inner product is the sum of two terms. The first is 0 if 77~ is not trivial on AY. Otherwise it is

. 1 s 2 o —5 -2 o o
(10.24) }1{% S T2 e M* "pi, 97) — €] (D=2 (M (naw )i, M(n at)p])}

if
(%@?):/K wi(k)P] (k)dk.

The second is 0 unless 17~ 7 is trivial on A°, when it is

. 1 lod o - (ed
(10.25) lim 75 {6 (i MO an)gf) — e (M ac)ei. 25}

if

nm = Qi(n)-

Observe that s(n) is constant on connected components of DY, and that

t(nae) = t(n) + 2t.

The Riemann-Lebesgue lemma allows us to discard the integral of (10.24) over those connected components

on which s(n) is not 0. Those elements of D% for which s(r) = 0 are all obtained from elements of D° by
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composing with the norm, and ¢? different elements of D° give rise to each such 7. If s(n) = 0 then (10.24) equals

the sum of

(10.26) 2Unce (i, ¢5)

and

(10.27) *% {(M(n)i, M'(n)g]) + (M’ (n)pi, M(n)@])} = —(M () M' ()i, 7).

If n = n° then g — p(g,n) may be extended to a representation of G(Ag) x & for ¢ — ¢ takes B(n) to
itself. The trace of p(¢, n)p(o, n) is, on the one hand,

-1

/ / ¢(kz1tna(k))n(t)‘9 dtdndk
Z(Ap)\A(Ag) /N(Ap) JKp b
or
al™? ao -t
/ { Il ¢(k-1t-1vna<t)a(k>>‘— dtdndk}n(v) i
N(Ag) JKg b bo

the two missing domains of integration being Z(Ag)A'~°(Ag)\A(AEg) and Z(Ag)A(A)\A(Ag), and v now
aon 0
0 b/

Zw. pij (@,m) (@i, 5 )-

being
On the other hand it is

We apply Poisson summation to see that 5 times the integral over those ) for which () = 0 of trace p(¢, ) p(c, 1)
is the sum over v in A1~ (E)Z(E)\A(E) of

1 -1

H / o (k= o (o (k) ]9
U zAmadnaig) InAg) JKp b

The factor £ appears in the denominator because the image of A(Ag) in A(A) is of index { module A(F') and 5= |ds|
is the dual of the Tamagawa measure on Z(A)A(F)\ A(A) pulled back to characters of Z(Ag)A(E)\A(AEg). In

dtdndk} .

any case the contribution of (10.26) cancels (10.20).

We define
_ LE(la V:u’_l)
~ Lp(1,ur=1)

with a subscript to stress that the L-functions are defined with respect to E. We also introduce Rg(n,) so that

me(1n)

M(n) =mg(n) @y Re(ny).
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The contribution of (10.27) to the trace is the sum of

1 _
(10.28) oo my' (n)ym’g (n)trace p(¢, n)p(a, )
T J{neDY|s(n)=0}
and
1 _
1020) =[S tracelploum)olo,n ) Re ) Rm)) T, , trace oo, oo,

the integral being over {n € D%|s(n) = 0}. The sum is over the places of F.

If n” = 7 then M (n?) is the adjoint M*(n) of M (n) and, as on p. 543 of [14], the contribution of the integral

of (10.25) to the trace formula is

(10.30) - Z  trace (p(¢,m)p(n")M (1))
where

p(o,n7) : B(n”) — B(n)
and

M(n) : B(n) — B(n°).

As on pages 543-544 of [14]

/ Hn (9,134, 5)dg
Z(AR)G(E)\G(AR)
is 0if m # n and c; is sufficiently large.

To handle that part of the kernel given by ®1 1(g) we proceed as on p. 544 of [14]. If

F(g,0.m) = ¢(g9) + M(n)e(g)

where ¢ is here a function in B(n) then for ¢; sufficiently large

Hyr(9:m55,5) = 3 o o Pid (0 MF (09, 00 mF (09,4, 07)x(39).

The right side is the sum of four terms which we obtain by replacing F(g, ¢, n) by ¢; and M(n)y;, and
F(g,¢5,n7) by ¢ and M (n?)¢7. Since 75~ and 77~ are not constant on the connected components, the cross
terms ;(g) - M(n7)¢7 (9) and M (n)pi(g) - ¢7(g) contribute nothing to the trace, or at least only a term which

approaches 0 as ¢; approaches oo.

Thus that part of ®1,1(g) which we need to consider is the sum of

>, ﬁ /D0 ZJ pij(¢,1)¢i(69)¢7 (0g)|ds|x(dg)
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and

>, % /DU 2., P (@M ()i (09)M (n7)5 (59)lds|x(dg)-

The first integrand
>, Pia(@m)ei(9)7F (9)

is the kernel p(¢, n)p(o, n”) restricted to the diagonal. The second is the kernel of

M(n)p(¢,n)M*(n)p(o,n7) = p(é,n)p(o,n).

The kernel is also .

dtdn.

“Into(h a
/Z(AE)\A(AE) /N(AE) ¢(g~ nta(h))n(t) ’ 2

By Poisson summation our sum is

2 pene(e) 2oz @A) / 6(g™'07 na(d)a(9))dnx(3g).

N(Ag)

This is easily seen to equal (10.23); so the two cancel each other.

The twisted trace formula is given by the sum of (10.8), (10.9), (10.12), (10.15), (10.28), (10.29), and (10.30);

but we must subject the expressions (10.12), (10.15), and (10.29) to further torture. We first remove
(10.31) X00(0, @)

from (10.15). If we observe that
9(57 ¢v) = 0(17 5 ¢v)

we may appeal to the results of Paragraph 9 and write the sum of (10.12) and the remaining part of (10.15) as

_)\_1
(10.32) — D rear e /A D, A2(160) Hw#vF(%%)
NygZ(F)
and
A1
(10.33) D DT S CICREON | IR ACRNE

Poisson summation for the pair A1 =7 (E)Z(E)\A(E), A'=7(Ar)Z(Ag)\A(AEg) may be applied to the latter

sum. If n, agrees with {g, on Z(E,) we set

B1(¢va nv) = / Ag(t, qi)u)nv(t)dt.

Al=9(Ey)Z(Eu)\A(Ey)



Base change 128

Since A_ is just the discrepancy between the global Tamagawa measure and the product of the local Tamagawa

measures (10.33) is equal to

(10.34) : S, Biléwm) [T, trace(p(6u: ma)plo.ma)ds]

21 J{neny | sm=0y v

because, as observed in Paragraph 7,

/ F(t, ¢u)nw(t)dt = trace(p(pv, mw)p(o,10))-
A1 (B,)Z(B,)\A(Ey)

The ¢ has disappeared in (10.34) because the dual measure must be ¢|ds|.

If we set

B(¢y,n) = %traee p(6,10)p(0, 1) R (110) Rig(00) — B1(bw,m0)

then (10.29) and (10.34) may be combined to yield

(10.35) : >, Boun) TT,,,., trace(p(Gus oo m)ldsl.

21 J{neny, | s(m=0} v
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11. THE COMPARISON

As pointed out in §2, the function of the trace formula is to establish the equality
trace R(¢)R(c) = tracer(f).

However we there defined the representation R only for ¢ odd, and we have now to complete the definition.

Let S be the set of 5 in Dg for whichn? £ nbutn® =7. Ilf n € Sand n = (u,v) then u = vand v’ = p
but 47 # pand v? # v. It follows, in particular, that £ = 2 if S is not empty. If n € S we may extend p(7) to a
representation 7(n) of G(Ag) X & by setting

(o) = plo,n” ) M(n).

Indeed
7(g,m7(o,n) = p(g,m)7(0,n) = p(o,n7)M(n)p(g,n)

which, because M (n) intertwines p(n) and p(7) = p(n?), is equal to
plo;n7)p(g,n7)M(n) = p(a(g), n)p(o,n”)M(n) = 7(a(g), n)7(0,n).

Moreover, by the theory of Eisenstein series M (n?)M (n) = M (7)M (n) = 1; so

(o, m)7(o,n) = plo,n”)M(n)p(o,n)M(n)
= p(o,n7)p(a,n)M(n”) M (n)

=1.

The representations 7(n) and 7(7j) are equivalent, for

M(n)p(g,m)M(n)~" = p(g,7)

and
M(n)p(o,n” )M ()M (n)~" = M(n)p(o,n”) = p(o,n) M (7).

Since the involution 7 — 7] has no fixed points on .S

is actually a well-defined — up to equivalence — representation of G(Ag) x &. Itis 0if ¢ # 2. Let R be the
representation of G(A g) x & which is the direct sum of 7 and £ copies of the representation r on L, ({g) B LS. (Ek).

We now let r denote solely the representation of G(A) on L, (§) + L2, (€).
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Suppose ¢ = Ilg, is a function satisfying the conditions of the previous paragraph. Suppose moreover that
if v splits in E then ¢, on G(E,) ~ G(F,) x - - - x G(F,) is itself a product of ¢ functions, one for each factor. Then

we map ¢, — fy, as in Paragraph 5 if v is unramified and ¢, is spherical, and as in Paragraph 6 or 8 otherwise.

Theorem 11.1 The equality
trace R(¢)R(c) = tracer(f)

is valid.

We will, as has been stressed, use the results of the previous paragraph to prove this equality. If our
knowledge of local harmonic analysis were adequate we could prove it with no difficulty whatsoever; our

ignorance however forces some rather inelegant gymnastics upon us. We begin by deriving a formula for
trace R(¢)R(o) — tracer(f).

We apply the trace formula, cancelling as much as possible.

We begin by observing that the contributions from (10.8) and (10.9) are cancelled by that from (10.1). First of
all, if v is one of the indices in (10.1), the corresponding term is 0 unless v is a local norm everywhere, and hence

a global norm. If v = N§, then g(y) = (), for if
ulyu = 27, u € G(F),
withz = Nz, z € Z(E), z # 1 then
N(u~"t6u) = N(z6)
and
0 = v ' uo(v) = v u T oo (u)o (v).
Moreover
meas(Ng/pZ(Ap)Gy(F)\Gy(AA)) = {meas(Z(A)G~(F)\G(A))
and, by standard facts about Tamagawa numbers (formula 16.1.8 of [14]),
meas(Z(A)G (F)\G, (A)) = meas(Z(A)G (F)\G5 (Ax))
= meas(Z(Ag)G(F)\Z(Ag)G§ (AR)).
Since R is so defined that (10.8) and (10.9) have to be multiplied by ¢, the cancellation follows from the definitions

of Paragraphs 6 and 8, provided we recall from Paragraph 4 that if «y is central then the number of places at which

d is not o-conjugate to a central element is even.

The term (10.4) is cancelled by (10.31), or rather ¢ times (10.31). To see this we have only to appeal to the
definitions of Paragraphs 6 and 8, and to observe in particular that every term of (10.4) is 0 except the one indexed
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The terms (10.3) and (10.28) cancel each other. Observe first that there is a surjective map n — ng, with
ne(t) = n(Nt), of D° to D%, DY and DY being the groups of unitary characters of A(A) and A(Ag) introduced

in the previous paragraph; and that, as we deduce from Paragraph 8,

trace p(¢, ne)p(o,nE) = trace p(f,1).

The expression (10.3) is equal to

= (Zn_,,m m™ " (n)m’ (n)trace(p(¢, ng)p(o, nE)) |ds|.

47 0
D

Since

ST m ! (n) = emp (ng)mly ()

n—ne

the two can be cancelled - provided of course that we do not forget to multiply (10.28) by £.

The results of Paragraph 9 allow us to cancel (10.5) and (10.32). We should perhaps observe that the term of
(10.5) indexed by v and v is 0 unless y is a norm everywhere except perhaps at v. But if y is a norm at all but one

place it is a norm everywhere, and hence a norm.
If we add the trace of 7(¢)7 (o) to ¢ times (10.30) we obtain

14

4 {neDy, | n=n"=n}

M (n)trace(p(é, n)p(o,m))-

We have placed M (1) outside the trace because it is now a scalar; it intertwines p(n) with itself and p(n) is

irreducible ([14], Chapter I). If we subtract (10.2) from this we obtain

1
1 3, {5 20— nt frace(o(6. ot ).
n'—n
However, as we shall see in a moment, M (n’) = M(n) = —1. Since there are ¢ different ' mapping to a given 7,

this expression is 0.

It will be enough to show that M (n’) = —1, for M(n) is the same object, defined with respect to a different
field. First of all, since y’ = (i/, )

, L(1—2:,1F)
Y — Sl 2 Bt VN
m(') = limy m(nay) = Jim T2, 1) -

To conclude we have only to appeal to Lemma 7.7 which shows that each R(7),) is the identity.

At this point only (10.7) and (10.35) are left. They yield the sum over v of

(11.1) % /{EB(%UU)ZW%B(M%)} 11, trace(p(é,mu)p(o, o)) lds],
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the integral being taken over {n € D%|s(n) = 0}. Suppose v is unramified and ¢, is spherical. Then

B(¢v; ) = —B1(¢w, )

and

B(f’uan':;) = 7B1(f715n’0)'

Ifn} and nj bothmap tonand n) = (uf,v]), nh = (15, V%), then Z—% and Z—; areboth charactersof Z(F')Ng,p Z(Ag)\Z(A).
1

7
1

Thus if v splits in E, 7/, is the same for all i/ — 7). Denote it by 0. Then

>

Bu(fun) = [ A(t, f) (1)t

= Z(Fy)\A(F,)

Since

CA3(Nt, f,) = As(t, ¢u)

the right side equals

‘ / As(t, 60 )mo(8)dt = LBy (60,10).
Alfﬂ(Ev)A(Ev)\A(Ev)

If v remains prime in E, then

Zn,w Bi(fo, 1)) =02 / As(t, fo)mo(t)dt

Ng/rZ(Ev)\Ng,rA(Ey)

if g is the restriction of the 7;, to N, p A(E,). As before the right side equals /B (¢, 1,). We are led to suspect
that

B(Gom) =D Bfon;)
for all v; so (11.1) should vanish. This however we have yet to prove.

We now know only that

trace R(¢)R(0) — tracer(f)
is equal to (11.1) above. We must show that this equality can hold only if both sides are 0.

The multiplicity one theorem is valid for the representation of G(Ag) on Ls,({g) ® L2, (¢r) (Proposition
11.1.1 of [14]). If II, acting on Vi, is an irreducible constituent then so is I1? : g — II(o(g)). If II” is not equivalent
to I, that is, if Vi1 # Vo then the trace of R(¢)R(c) on

Vi @ Ve @”'@VHULLI

is 0. If Vi1 = V1o then G(Ag) x & acts on V7. We denote the extended representation by 1.

The representation II is a tensor product ®,II, where II, is a representation of G(E,). If II° ~ II then

115 ~ II, for each v, so II, extends to a representation II), of G(E,) x &. II, is determined up to a character



Base change 133

of &. We may suppose that II' = QII/.. Let V be a fixed finite set of places containing all infinite places and all
places ramified in E. Suppose II, belongs to the unramified principal series for v ¢ V; then we may also demand
that for such v the operator IT/ (o) fixes the K, invariant vector. If we consider only ¢ for which ¢, is spherical
outside of V, we have

trace 1, (¢, )11 (o) = traceIl,(¢,) = £ (t(IL,))

forv ¢ V. Here

a(Il,) 0
t(Hv) =
0 b(1L,)
lies in A(C) and
a(IL,)b(I1,) = &(ww), v split,
a(IL,)*b(IL,)" = &(w)), v not split,

if w, is a uniformizing parameter for F,. Observe that it is really only the conjugacy class of ¢(II,), that is, the
pair (a(IL,), b(II,)) which matters. Some of the equalities which are written below should be understood as

equalities between conjugacy classes.

If we set
o) =] _,, trace I, (¢,)IT, (o)

then the trace of the operator R(¢)R(0) on Ly, (§g) & LS. (k) is

Sa [, £ ¢amw)).

The sum is over those II which are equivalent to I1? and for which II, belongs to the unramified principal series

outside of V.

We need a similar expression for the trace of 7(¢)7(c). If n € S and n = (i, v) then

L(,vph)

mE(Tl) = m

In general this has to be evaluated as a limit. However both numerator and denominator are not finite and

different from 0, for u # v. Thus the quotient is meaningful as it stands and equals

Lvp™t)
L(1,vou=7)

because
L(s,x) = L(s,x7)
for all characters of E*\Ig.

It follows that
M(n) = ®@RE(ny)-
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If 0, is unramified then Rg(7,) fixes the K g, -invariant vectors. If ¢, is spherical outside of V then trace

7(¢,n)7(0,n) = 0 unless 1, is also unramified outside of v, when it equals

ytrace p(¢, no)plo,ny ) Re(ne) = a(n) HU¢V(JC1Y (1)),

with

and

vy (@)

Here Mv(w) = /L;J(N.I‘), Vv(x) = V:J(Nl‘)

The trace of R(¢)R(o) is, when ¢, is spherical outside of V, given by

1
v 2 v
(11.2) Yo I, 2+ 5 3 a6 [T, £t
The indices IT and 7 are constrained as above. We may treat the trace of r(f) in a similar fashion to obtain
v
(11.3) > a(m) vav EY (t(m,))
where
a(my) 0
t(my) =
0 b(my)
and
a(my)b(my) = &(wy), v split,
a(my) b(m,)" = &(w), v not split.

We write the difference of (11.2) and (11.3) as

(11.4) > o I1,, £

with a family of distinct sequences {t*|v ¢ V'} and with none of the a;, equal to 0. Distinct must be understood
to mean that either t¥ and ¥ are not conjugate for some v which splits in E or (£*)¢ and (¥ )¢ are not conjugate

for some v which does not split. We are trying to show that this sum is empty.

If we set

= {f Béw,m) =3 Blfv, 77;)} { Hﬁ% trace p(¢, 7w)p(o, nw)}

and then (11.1) is equal to

(11.5) % /ﬁ(n) vav £ (t(m0))lds.
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The integral is taken over those 7 € D% for which n° = 1 and which are unramified outside V.

Fixav ¢ V. Suppose first that v splits in E. We choose a, bin C with |a| = |b| = 1 and write any

a(t) 0
t =
0 b(¢)
in A(C) with a(t)b(t) = £(w,) as
az 0
t =
0 bzt

This allows us to regard any function in the Hecke algebra at v, H;,, onto which H’; maps surjectively, as a finite

Laurent series in z. These Laurent series will be invariant under z — gz_l. Moreover the Hecke algebra yields

all such series.

We may assume that for all the

ak 0
th =
0 o
occurring in (11.4), the inequality
Jas] > [ty
obtains. It follows from Lemma 3.10 of [14] that
k
ay _
% < ‘wv| L

Ifn e D%, 7 is unramified outside of V,and v ¢ V, and

a(n)
b(%)

then
la(nu)| = [b(nw)] = 1.

Let7i,i = 1,2, be the distinct elements among the tif for the given fixed v and set

_ vk
G = Ztgzrg Ok Hﬁfx o ().

We write (11.4) as

(11.6) > cll ).
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In a given connected component of D on which 7 = 7 and 7 is unramified outside V' we may choose 7° with

0 __ a O
771)_(0 b)'

If on each such component we choose an 7° and set

d(s) =Y B(n’as) Hwﬁv fu(t(nyas))

then we may write (11.5) as

1 [ alw,|® 0
(11.7) o | eI )Ids.
T ico 0 blw,|™
It will be recalled that
a1 s
Qs B
P bl

b1

From the equality of (11.6) and (11.7) we want to deduce that all ¢; are 0. It will follow that (11.7) is 0; so
the theorem will be established, for given any ¢ we can always choose V' so that ¢, is spherical outside of V" as
well as a v outside of V' which splits in E. It is implicit in (11.6) and (11.7) that ¢, and f,, are fixed for w # v.

However we are still free to vary ¢,, and hence f,,.

Since the trace formula yields absolutely convergent sums and integrals and since, in addition, we can make
=1
Z |Ci| =M; <

and

1 100

— d ds| = M- .

5 [ )]sl = 0 < o0
Moreover

1

— su d(is)| = M3 < oo.

27 7oo<sp<oo| ( )| 3
We set

) az;
r, = , |z:| > 1.

1
bz;

Since the II,, the p(7,), and the 7, which contribute to (11.6) are all unitary
£ () = £ (s0)

with
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Z;. Since |w,|'/? < |2zi| < |w,|71/?, the 2; are constrained to lie in the compact

That is, either |2;| = 1 or z; = &

set X depicted below.

A finite Laurent series
p(z) =Y N2

is yielded by the Hecke algebra if and only if a’A_; = b/ \;. If ;= A_; this condition is equivalent to
a?\* ; = b/ X5 50 @ is yielded by the Hecke algebra if and only if

p(x) =) N

is. Since

the equality

is valid on X. We appeal to the Stone-Weierstrass theorem to conclude that any continuous function ¢ on X

satisfying

a

b
(11.8) o) = ¢ (— )
can be uniformly approximated by the functions associated to elements of the Hecke algebra.

Both (11.6) and (11.7) then extend to continuous linear functionals in the space of continuous functions
satisfying (11.8). It follows from the Riesz representation theorem that they are both zero, for one is given by an
atomic measure and the other by a measure absolutely continuous with respect to the Lebesgue measure on the

circle.

The theorem gives the equality easiest to state, but we shall work with a sharper form. Observe first that we
could have applied a similar argument if v were not split. The only difference is that the Laurent series coming

into play would only involve power of z*. But we would have to notice that it is then only the /th power (t¥)¢ of
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t® which is relevant. It is clear that by repeatedly applying our argument we can show that if U is any finite set

of places disjoint from V' then

(11.9) > vazqu Yy =0

Here we choose r,,, v € U, and take the sum over those k for which

tfj = Ty, v split,

(R =t v not split.

v

The equality is to be read as an equality of conjugacy classes. It simply means that the two matrices have the

same eigenvalues.

We show next that each a, is 0. Suppose for example that oy # 0. Choose an NV such that

|col
< —.
ZkZN |ak|— 2

Then choose U disjoint from V so thatif 1 < k < N then for some v € U either i) v is split and t* # ¢, or ii)
v is not split and (tF)* # (9)¢. Applying (11.9) with r, = t2, v € U, and with all f equal to 1 we deduce a

contradiction.

Before going on we review the facts now at our disposal. Let V' be a finite set of places containing all infinite

places and all finite places ramified in E. Suppose that for each v ¢ V we are given

where a,b, = £(w,) if v is split and (a,b,) = £(w?) if v is not split. Set

=>_ 11, trace(IL(,)IT, ().

The sum is taken over all IT occurring in the representation of G(E) on L, (¢g) & L, (€g) for which II, is

unramified outside of V' and for which

trace I, (¢, ) = f) (rv)

for all v ¢ V and all spherical ¢,. Observe that by the strong form of the multiplicity one theorem (Lemma 3.1),

the sum is either empty or contains a single term.

We set

Z H trace 7(¢y, 9) T (0, My ).
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Since 7(n) ~ 7(7) we take the sum over unordered pairs (7, 77) for which i) n = 7, ii) n # 7, iii) n = (i, v) and
wv = Eg, iv) 0, is unramified for v ¢ V, and v) if ¢,,, v ¢ V, is spherical then

trace 7(¢u, 1y) = trace p(dy, ny) = f) (rv).

According to Lemma 12.3 of [14], n = #' or 7 = 1’ if for almost all v either 1, = 7., or 7}, = 7. Thus the sum
defining Aj is either empty or contains a single term. By examining the poles of the L-functions L(s, x ® IT) and
L(s,x® p(n)) one sees readily that one of the two sums, either that defining A or that defining A5, must always
be empty. Set

A=1A; + As.

Finally set

B = Z HUEV trace my, (fy)-

The sum is taken over all m occurring in the representation r for which m, is unramified outside of V' and for

which

tracem, (fy) = £ (1)

if f, is the image of some spherical ¢,. We know that

A=B

)

and it is this equality with which we shall work.

We begin by studying the representation 7(7), and hence suppose for the moment that E is quadratic over

F. Given n with n” = 7}, n # 7 choose V and {r, } so that A, is

HU%V traceT(qb, nU)T(Ua 77’11)

If n = (p, u7) and
p=IndWg/p, Wg,g, it),

then ™ = m(p) (§12 of [14]) defines a term entering the sum B. I claim there is only this one term.

If 7’ also contributes to B then it must be cuspidal. To show that it must be 7 I apply a theorem of Jacquet-
Shalika ([15]), according to which it is enough to show that the function L(s, 7’ x 7) employed by them has a

pole at s = 1. Here 7 is the contragredient of . According to them it suffices for this purpose to show that
L(s, 7, x Tp) = L(8, Ty X Ty)
for almost all v. We take v outside of V. If v splits in E then 7, = 7}, and the equality is certainly valid. Otherwise

L(s, ), x 7,) = det™ (1 - [, (x}) © (@)
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if p is the contragredient of p and ®,, the Frobenius at v. Since p is induced the right side is equal to
det™ (1 — e [** u(@F)H(m,)?).

Since the analogous formula is valid for L(s, m, X 7,), the asserted local equality is clear.

We conclude that

(11.10) H - trace 7(¢y, )T (0, 1) = H - trace 7(fy)

fm = m(p). We want to deduce the equality

(11.11) trace 7(¢y, M) 7T (0,1, ) = tracew(fy)

for all ¢,,. We know from Paragraphs 7 and 8 that this equality is valid if v splits, or if 1, = (i, V%) is unramified

for then p,, = v,.

Given F and a non-archimedean v we may choose another quadratic extension E’ so that E], = E, and so
that every infinite place of F splits in E’. Given any character y, of E] we may extend it to a character p of
E’"*\Ig, which is unramified outside of v. Take n = (u, u”) and apply the equality (11.10) to E’, n. Since we can
always choose ¢ so that

trace 7(Puw, N )7(0, M) # 0 weV, w#wv

we deduce (11.11). To prove (11.11) for F;, = R we take E to be an imaginary quadratic field and F' to be Q. Any
character of Fo, extends to a character of E*\ I, and we can proceed as before, since we now know that (11.11)

is valid at all non-archimedean places. The next lemma is an immediate consequence of the relation (11.11).

Lemma 11.2 Suppose F is a local field, E a quadratic extension, and n = (u, u). Then the character of 7(n)

exists as a function and if

p=IdWg/r, Wg/g, 1)
then

X7(n) (g X U) = Xn (1) (h)
if h in G(F) is conjugate to N g and h has distinct eigenvalues, and the representation 7(p, %) is a lifting of w(p).

Actually we have only proved the lemma when p is a unitary character, but the general case reduces

immediately to this. Observe that with this lemma, the proof of Proposition 5.1 is complete.

The first assertion of the next lemma is already proved. The others, in which the degree of E over [ is an

arbitrary prime, will also be deduced from the equality A = B.

Lemma 11.3 (a) If IY is a quadratic extension of the global field F' and p is the representation induced from an

idéle class character p of E then w(u, 1) is a lifting of (p).
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(b) If 7 is a cuspidal automorphic representation and 7 is not a w(p) with p dihedral and induced from an
idéle class character of the given E then there is a cuspidal automorphic representation II of G(Ag) which is a

quasi-lifting of .
(c) 11 is a cuspidal automorphic representation of G(Ag) and I17 ~ II then Il is a quasi-lifting of some 7.

To begin the proof, suppose II is finite-dimensional and choose V, r,,, v ¢ V so that A; is equal to

Huev trace(IL, (¢, )L, (7).

IfII(g) = x(det g) then x° = x and there exists a x’ with x(z) = x'(Nz). I'(0) is the identity; so we may take
eachII (o) tobe the identity. This means that the extension of I, to G(E,, ) x ® agrees with that of Paragraphs 7 and
8. If w is again a non-trivial character of F* N, pIg\IE then the representations 7(g) = w'x'(det g), 0 < i </,
each contribute a term to B. By Lemmas 7.4 and 7.5 and the results of Paragraph 8 the sum of these terms is equal

to A. If B’ denotes the sum over those 7 entering into B which are not of the form g — w’x(det g) of

H trace 7y, (fo)

then B’ equals 0. We must show that this implies the sum defining B’ is empty.

If we knew that the sum contained only a finite number of terms, this would be an easy application of Lemma
7.13. But we do not, and have to work a little harder. We have a finite set of places V = (v1,---,v,), and a

sequence { (7~ 7% )| k > 0}, which may terminate or be empty, in which ¥ is an irreducible, admissible,

'Ul’...’

infinite-dimensional, unitary representation of G(F,,). For each i

T, (29) = &v, (2)T0, (9) zZ e NEUi/FU,,;E’;i;'

Moreover for every collection (fy,, - -, fv,) where f,, is the image of some ¢,, on G(E,,) the series

(11.12) S IT . tracemd ()

is absolutely convergent and its sum is 0. We show by induction on r that this implies the sequence is empty.

Take a square-intergrable representation ° of G(F,, ) satisfying

(11.13) 7TO(Zg> =&, (z)ﬂ'o(g), z € NEW\FUTEUXT7

and let f be such that

tracem(fy ) =0
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for infinite-dimensional 7 unless 7 ~ w! @ 7° for some i, w, being the character of )¢ associated to the extension
E,. Then the trace is to be % if 7 % w®7and 1if 7 ~ w ® 7% Notice that 7(f) ) is defined only if 7 too

satisfies (11.13). The function fST is defined by
(11.14) / fo. (g7 vg)dg =0
A(Fy, \G(Fy,.)

for regular +y in the group A(F,, ) of diagonal matrices, and

(meas Z(Fy NT(Fo )~ xne (7). 7 € NT(E),
(11.15) / T(F, \C(Fo) 2. (5~ 19)dg =
0, + ¢ NT(E)

Here of course 7y must in addition be regular, 7 is a non-split Cartan subgroup, and X is the character of 7.

Substituting fO for f,, in (11.12) and applying the induction assumption, we see that 7% is never square-
integrable. As a consequence (11.12) is not affected by the values of the orbital integrals of f,, on the non-split

Cartan subgroups.

Choose a character 7° = (u°, 1Y) of A(F,, ) such that %% = &, on NEJ . For simplicity choose n" so that

r

if, for some s,

pl(x) = 10(x)|z|*, forx € NE ,

then p* = 1°. This can always be arranged by replacing 1 by x — p°(z)|z|~2 and 1° by = — 10 (z)|z[2w] (z).
Let

o) ={i= (5 5) evaw,) | o =191},

If ¢ is a smooth function on NA(E,,) compactly supported modulo NZ(E,, ) and satisfying

o(z2t) =1"(z) "o(t), z e A°(F,,),

there is an f,,. such that
p(t) +¢(f), teNA(E,,),

Fy, (t) =
0, te A(F,), t¢ NA(E,).
We set
(8]
2= [ o0 (1)| 2| d.
NZ(E,,)\NA(A.,) g

If 7 = 7(u, v) is infinite-dimensional and pv = £, on NE then

trace(fy,) =0
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unless there is an s such that u(z) = p%(x)|z|*, v(z) = v°(2)|z|"* forz € NE) and then

0" (s), 7 #n°,
trace w(fy,) =
p¥(s) + " (=s), 7°=n"

Since the collection of functions (t) is closed under convolution and, if n° = 7}°, also under ¢ — ¢ with
@(t) = (), the collection " (s) or ¢V (s) + ¢V (—s) is closed under multiplication.

1

Suppose m = 7(u, ) is unitary. Then either u = ji !, v = ¥ ~! and then s may be taken purely imaginary

1 1

orv=wpand it =wp, @ it = p. Thenw = (ufi) ™! : & — |2[* with u positive. This implies in particular

that n° = 7°.

Thus if n° # 7" it is only the values of ¢V (s) for purely imaginary s which matter. Applying the Stone-

Weierstrass Theorem we see that if v is non-archimedean any continuous function on the imaginary axis which

271 271
Tnlw,, | OF Tnlw? |/

is periodic of period the latter only if v, is unramified and does not split, may be uniformly

approximated by the functions ¢V (s) and that if v, is archimedean then any continuous function on the imaginary
axis which approaches 0 at infinity may be uniformly approximated by these functions.
Ifn° = 7% p(x) = puO@@)|z®, v(z) = pl(x)|z|=*, and pr=1(z) = |z|~* with u real then s is real if v, is

archimedean and of the form Zn(r‘;l [+ b, a € Zor %, b € R if v, is non-archimedean. As we observed before

an examination of the asymptotic behavior of the spherical functions shows that 7 (1, ) cannot be unitary unless
—3 < 5 < 1. The Stone-Weierstrass Theorem shows that the ¢V (s) + ¢ (—s) uniformly approximate continuous

symmetric functions on the set

271
Talwo, |
s
In|w,, |
_1 1
2 2

—Te
@, ]
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if v,. is non-archimedean, and continuous symmetric functions on the set

|
rol—
(e
rol—

£

which go to zero at infinity if v,. is archimedean. In the first diagram @, is to be replaced by =,

; if the extension

is unramified.

Suppose w0 in (11.12) is 7(p, v) with pu(z) = p°(z)|z]*, v(z) = 1°(x)|z|~* for z € NE, . Choose ¢; so

that

©7 (s0), n° #1°,
1 =

@Y (s0) + ¢y (=s0), n°=1".
Let sg, 51 - - - be the collection of s for which there is a k such that

m =w(u,V)

with ¢/ (z) = p®(2)|z|*, v'(z) = v°(x)|z|~* for x € NE} . We suppose that the pairs {y/, '} of characters of

NE} which arise from distinct s; are distinct. Let 11;(2) = p°(z)|z|%, v;(x) = v°(z)|z[~% and set

r—1
aj = Z Hi:l traceﬂ'fi(fi).

The sum is over those 7% which have the same lifting as 7(11;, ;). Then

Zj ajoy (s5)
or

S oY (s) + 0¥ (—5,)

J

is absolutely convergent. If we choose any 2
Zj ;o (s5)¢3 (s5)
Zj a;j(ey (55) + @1 (=57)) (@3 (s5) + @3 (—55))

is equal to 0. The argument used to prove the quality of Theorem 11.1 allows us to conclude that ag = 0. From

this and the induction hypothesis we immediately derive a contradiction.
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We can infer not only that if the II defining A is finite-dimensional then all the 7 contribution to B are
finite-dimensional but also that if the sum defining A is empty then so is the sum defining B. It is clear that the

sum A is empty whenever the sum B is. Parts (b) and (c) of Lemma 11.3 follow immediately from these facts.
As our last piece of serious work we verify the assertion (F) of §2.
Proposition 11.4 A quasi-lifting is a lifting.

Once again we exploit the quality A = B. Choose a II occurring in the space of cusp forms and thena V'

and a collection {r,} so that

A=1{ H trace(IL, (¢, )T, (0)).

Let

B= Z H trace 7% (f,).

The proof of Proposition 11.4 proceeds as follows:
1) We show that if for some v € V' the representation I1,, is the lifting of a 7, then for all k it is the lifting of 7%.

2) We let V"’ be the set of v € V for which II, is not a lifting. We show that if V"’ is not empty then it contains

more than one element.

3) From (2) we deduce the following proposition, which in conjunction with (1) in turn implies Proposition 11.4.

Proposition 11.5 Suppose F' is a local field and E a cyclic extension of prime degree (. Fix a generator o of
&(E/F). Every absolutely cuspidal representation m of G(F') has a lifting in the sense of criterion (ii) of §2.

Moreover every representation II of G(E) for whichI1° ~ II is a lifting.

We begin with (1). Observe that II,, is not finite-dimensional. If

o= Hwi" trace(ILy (¢ )L, (o))

there is an integer ¢ such that

A = Ctatracem,(fy).

The power ¢ occurs because the II, occurring in the definition of A may not be the II/, which satisfies the local

lifting condition. The equality A = B becomes

(11.16) (¢l actrace T, (fy) Z ﬁktraceﬂ' (fv)

with

Bk = Hwev trace 7% (fu).

vFEwW
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Let 7, be square-integrable and choose f, so that for infinite-dimensional ) with 7/ (2) = £(z), z € NEJ,
0, 7wl e,
(11.17) tracen! (f,) =4 1, 7 ~wl@nl 7 ~w, @),
%, !~ wl @l w, @7,

Here w, is, as usual, a character of F}X associated to the extension E,. If 7, is not of the form w! ® 7/, then

substitution in (11.16) yields
0= ZWS":W%@TK‘L ﬂk,

all possible j being allowed. The arguments used in the proof of Lemma 11.3 show that the sum is empty. If

however 7, is equivalent to some w), ® 7}, then

(11.18) (la= Zwkwjm B

In conjunction with (11.16) this equality yields

0=> :
wktw],@mk ﬁk

The sum on the right must once again be empty.

We have shown that if IT, is the lifting of a square-integrable 7, then it is the lifting of each 7*. Suppose it is
the lifting of a 7, which is not square-integrable. Then we have shown that no 7* is square-integrable. We may

introduce the functions (" (s) as before and show in the same way that every 7¥ has the same lifting as .

Now suppose that there is a single v in V' for which Il is not a lifting. It is necessarily non-archimedean.

The equality A = B becomes

(11.19) trace IT, (¢, )IT, (o) = Zk trace ¥ (f,).

By Lemma 7.9 there is a function x,, on the union of NT'(E,), where T runs over a set of representatives for

the conjugacy classes of Cartan subgroups of G over F,, such that

1
traceIL, (¢)IL, (o) = 5 > /N Z(Ev)\NT(EU)xU(t)FfU () A(t)dt.

Moreover

1

1 1
’ NOIPNOR

2 Z meas NZ(E,)\T(Fy) /NZ(EU)\NT(Ev)

By the completeness of the characters of the square-integrable representations of G(F,,), which is a consequence

of Theorem 15.1 of [14], there is a square-integrable 7, such that

1 Z/ 1 /
2 meas N Z (E,)\T(F)) NZ(E,)\NT(E,)

Xo () X, (t)A(t)2dt =a, # 0.
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It follows from Lemmas 7.6, 7.12, and 11.2 that 7, is absolutely cuspidal and not 7(p,) for any dihedral p,
associated to p,. By Lemma 7.17, 7, % w, ® 7 and then, by Lemma 7.13,

3> 1 /
2 meas NZ(E,)\T(F,) NZ(E,)\NT(E,)

1
e, (DA dt = 5.

Here w is a non-trivial character of F* NIg\Ip and w, is its component at v. We conclude that

1
|aU| S Z

with equality only if x, = fa,Xxx, on NT(E,) whenever T is not split. Choose f, so that it satisfies (11.17).

Taking first 7, = m,, we deduce from (11.19) that

(11.20) ‘ HUGV, oy = % {Z 1}.

The sum is over those k such that 7% ~ wJ ® , for some j. If 7% contributes to the sum in brackets, so does

w® 7" and w ® 7* % 7*. The sum is therefore a multiple of £. We conclude that ., = 4 and that

(11.21) Xv = Xr,

on the norms in non-split Cartan subgroups. Moreover the sum on the right of (11.20) contains exactly ¢ terms.

Renumbering if necessary we assume that

* ~ wf @ my, veV/, 0<k</.

v =

Choosing the !, defining f, to be inequivalent to each w! ® m,, we conclude from (11.19), (11.21), and the
orthogonality relations for characters of square-integrable representations of G(F,) that if k& > £ then 7* is not
square-integrable. We want to show that there are only ¢ terms on the right of (11.19). Suppose not, so that k
takes on the value £.
Choose 7° = (u°,1°) and ¢ as before, replacing v, by v and demanding that 7 = 7(u, v) with u(z) =

o (z)|xl®, v(z) =10 (x)|z|~° for € NE). As before we choose f, so that

p(t) + o(f), teNAE,),

Fy, () =
0, te A(F,), t ¢ NA(E,).

We then substitute in (11.19). The terms for k > £ yield a sum

(11.22a) >, 09" (59, n° #i’,

or

Il
s

(11.22b) S a5+ =),
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The sum is finite but not empty, and the «; are positive integers. It is equal to a difference

X,

— A(t)xo () Fy, (t)dt

5 > BN (t)xo () FY, (t)
minus

X,
= A(t) X, (t)Fy, (t)dt.
5D 2B N ()X, () Fy, (1)
The first part is contributed by the left-hand side of (11.19); the second by the first £ terms on the right. Because
of (11.21) the contributions from the non-split Cartan subgroups to this difference cancel.
The proofs of Lemma 7.9, and of Proposition 7.4 of [14] show that

A ) = xm ()

is bounded on NA(E,) and that it has support which is compact modulo NZ(FE,). If we choose n° and ¢ as

above and set

A(t) al™®
— =\ . 2 g
v = [ ey 2 DO = @4 5]
then ¢(—s) = ¥ (s) if n° = 7° and
1
5 | AW {xo(t) — X, (0} Fp, (1)
NZ(E,)\NA(E,)
is equal to
(11.23) 27 meas NZ »)\AC(F, / vis )lds
if n° # 7% and to
b 2‘{;1
(11.23b) SN AETEET [, MO ) e (o

if n° = 7°. Here bis ¢n|w, | if v is ramified and ¢n|c’| if it is not. Both (11.22) and (11.23) are linear functionals of
©"(s) given by measures. One is atomic, one is continuous, and they are equal; and so, by the Riesz representation

theorem, they are both zero. This is a contradiction.

We conclude that there are only ¢ representations 7 which contribute to the sum B, namely 7%, - 771,

with 77 = w? @ 70, It now follows from (11.19) that (11.21) is valid on all norms, and hence that IL, is a lifting of

Ty.

We next prove Proposition 11.5. The proposition has already been proved for F' archimedean, and for 7 and
IT not absolutely cuspidal. We may therefore suppose 7 and II are absolutely cuspidal. There is then a trivial
reduction to unitary 7 and II, which we omit. It is moreover enough to show that every 7 has a lifting, for we

can then conclude from the completeness of the characters of square-integrable representations of G(F'), which
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follows from Theorem 15.1 of [14], and the orthogonality relations of Lemma 7.12 that if II is not a lifting then

xmv (t X o) = 0 when Nt lies in a non-split Cartan subgroup. This contradicts Lemma 7.9.

If a non-archimedean local field and a cyclic extension of it of order £ are given there is a totally real global
field F', a place v of it, and a cyclic extension F, totally real and again of degree ¢, such that the pair F,, F, is
isomorphic to the given local field with the given cyclic extension. Suppose 7, is a unitary absolutely cuspidal
representation of G(F,). To prove the proposition we have to show that 7, has a lifting. By Step (2), we have
only to show that there is a cuspidal automorphic representation 7 of G(A), whose local component at v is m,
and whose local components at the non-archimedean places other than v are unramified. This will be done with

the help of the trace formula.

There is a character ¢, of Z(F,) = F,* such that
WU(Z)ZCU(Z)7 ZGZ(FU)'

There is also a character ¢ of F*\ Iy, unramified outside of v, whose component at v is ¢,. Let vq,-- -, v, be the
infinite places of F'. Let ¢, (—1) = (—1)™. If n; > 0 and n; —m; = 1(mod 2) there is a pair y,, , 14, of characters
of F¢ such that
uviyv_il it — t"isgnt
Ho; Vo; = C’Ui :

The representation m,, = (i, , Vs, ) introduced in Theorem 5.11 of [14] is square-integrable.

There is a smooth function f,,, on G(F,) compactly supported modulo Z(F),) such that:

(i) if y in A(F,,,) is regular then

/ foi (97 vg9)dg = 0;
A(Fy \G(Fo,)

(ii) if T' is a non-split Cartan subgroup over F,, and v in T'(F,,,) is regular then

i

/ follg™"v9)dg = X, (7);
Z(Fy, \G(F.,)

(iii) if z € Z(F,,) then
fvi (Zg) = C;l(z).fm (g)

We may replace v; by v, m,, by 7, and then define f, in a similar manner. If w is a non-archimedean place and

w # v define f,, by fu(9) =0if g ¢ Z(F,,) K, while

Gt (2)
meas (Z(0y)\Ky)

fw(zk) =

The trace of ® = [] fu, the product being taken over all places, on the space L, (¢) ® L9, (¢) is given by the

trace formula on pages 516-517 of [14]. Of the terms given there only (i) and (ii) do not vanish. If the term in (ii)
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defined by + is non-zero then F(v) is a totally imaginary quadratic extension of F. Denote the automorphism
of this field over F' by a bar. Then g is a root of unity, for g must have absolute value 1 at all places. Moreover
we are only interested in v modulo Z(F') and if the term in (ii) defined by « does not vanish then, replacing -y
by ¥, § € Z(F), if necessary, we may assume that - is itself a unit except perhaps at the places in V, if V is a
finite set of non-archimedean places containing v and set of generators for the ideal class group of F'. Since there
are only a finite number of possibilities for the root of unity, there is a finite set of integers {k1, - - -, ks } such that
the non-zero terms of (ii) are given by y for which, for at least one i, 7" lies in F' and is a unit away from V.
Applying the unit theorem for the set {v1,---, v, } UV we see that there is a finite set of y, taken modulo Z(F'),

which can yield a non-zero contribution to (ii). This set may be chosen to be independent of n¢, - - -, 1.

If 7, is the image of v in an imbedding F(y) — C extending v; and if ('yﬁi)l/ 2

is the positive square root,
the contribution of a given v to (ii) is

T

—Co, (%) ?) = }

1
—meas(Z(A)B(F)\B(A 0 —
R {(m)"Tmeasw(Fvi>\B<Fw>> =

times the product over the non-archimedean places of

/ fwlg™ vg)dg.
B(Fu)\G(Fu)

The conclusion to be drawn is that the contribution of (ii) is uniformly bounded.

On the other hand the well-known formulae described in Paragraph 6 show that the term (i) is equal to

s n;

i=1 meas Z(F,,)\G'(F,,)

meas(Z(F)G(F)\G(A)) []
times

I1, (.

Here G’ is the multiplication group of the quaternion algebra over F,, and w runs over the non-archimedean

places. Itis clear that f,,(1) # 0if w # v. Since we may take

fo(g) = d(my)(my(g)u, w)

with a unit vector u we also have f,(1) = d(m,) # 0. We infer that a suitable choice of nq, - - -, n,, will make (i)
arbitrarily large and the trace non-zero. We conclude that for such a choice of ny, - - - , n, there is a constituent 7’
of the representation on L, (¢) such thatif 7’ = ®,,m,, thenw, =m,,, 1 <i <7, 7, = m,,and 7, is unramified

if w is non-archimedean but different from v.
There is one more conclusion to be drawn from the equality A = B.

Lemma 11.6 (a) Suppose F is a quadratic extension of the global field F' and II = 7(p, %) with u® # p. ThenII

is the lifting of a unique .
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(b) Suppose E is cyclic of prime degree ¢ and II is a cuspidal automorphic representation of G(Ag) with

I1° ~ II. Then Il is the lifting of ¢ cuspidal automorphic representations .

Let IV be the number of 7 which lift to II. The equality A = B now reduces to N = 1 in case (a) and to
N = {in case (b).

The following lemma is important for a complete understanding of the notion of lifting. It is trivial if ¢ is
odd, but does not appear to be so if £ is even. Indeed the proof is lengthy enough that it seemed best to omit it

from these notes and to include it in [18], in which it more easily finds a place.

Lemma 11.7 Suppose w is a non-trivial character of F* NIg\Ip and 7 is a constituent of L,((), for some quasi-
character ¢ of F*\Ip. Thenm ~ w ® 7 if and only if ¢ = 2 and there is a character 0 of E*\Ig such thatm = 7(T)
with

7 =Ind(Wg,p, Wg/E,0).

There is now no problem in verifying the properties (A)-(G) of global liftings. If 7 is not cuspidal then it is
a constituent of p(u, ), for some pair of idéle-class characters. Its lifting is then a constituent of p(i/, v'), with
i =poNg /Fs vV =voNg /F,and, by [25], is also automorphic. If 7 is cuspidal, then by Lemmas 11.3 and 11.4

it has a lifting. The global unicity is a consequence of the local unicity.

If TI is isobaric and not cuspidal then IT = 7(p,v) and II? ~ II if and only if u° ~ p and v° ~ v or

7 ~ v, v7 ~ p. Thus (B) too follows from Lemmas 11.3 and 11.4. We observe also that, since the notion of a

w
quasi-lifting is independent of o, the notion of a global lifting is independent of . It then follows from the proof
of Proposition 11.5 together with Corollary 7.3 and Lemmas 7.4 and 7.5 that the notion of a local lifting is also

independent of o.

Those parts of (C) which are not manifest follow from Lemmas 11.3, 11.6, 11.7 and Lemma 12.3 of [14]. (F)

has been proved, and (D) and (E) follow from the corresponding properties of local liftings.
We have still to verify property (e) of local liftings.

Lemma 11.8 Suppose F), is a local field, p, an irreducible two-dimensional representation of the Weil group of
F,, and E, a cyclic extension of F,, of prime degree {. If p, is dihedral or tetrahedral then 7(p,) exists and the
lifting of m(py) is w(P,) if P, is the restriction of p, to the Weil group of E,,.

The existence of 7(p,,) follows from the results of §3 and of §12 of [14]. Indeed we may choose global F, E
and p so that F,,, F,, and p, are obtained by localization at the place v, which we take to be non-archimedean,
the lemma being clear otherwise. Since it is clear from property (G) of global liftings, given in §3, that 7(P) is the

lifting of 7(p), we infer that (P, ) is the lifting of 7(p, ).
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